NICE INDUCING SCHEMES AND THE 
THERMODYNAMICS OF RATIONAL MAPS 



FELIKS PRZYTYCKlt AND JUAN RIVERA-LETELIER* 



Abstract. We study the thermodynamic formalism of a complex ra- 
tional map / of degree at least two, viewed as a dynamical system acting 
on the Riemann sphere. More precisely, for a real parameter t we study 
the existence of equilibrium states of / for the potential —tin \ f'\, and 
the analytic dependence on t of the corresponding pressure function. 
We give a fairly complete description of the thermodynamic formal- 
ism for a large class of rational maps, including well known classes of 
non-uniformly hyperbolic rational maps, such as (topological) Collet- 
Eckmann maps, and much beyond. In fact, our results apply to all 
non-renormalizable polynomials without indifferent periodic points, to 
infinitely renormalizable quadratic polynomials with a priori bounds, 
and all quadratic polynomials with real coefficients. As an application, 
for these maps we describe the dimension spectrum for Lyapunov expo- 
nents, and for pointwise dimensions of the measure of maximal entropy, 
and obtain some level-1 large deviations results. For polynomials as 
above, we conclude that the integral means spectrum of the basin of 
attraction of infinity is real analytic at each parameter in R, with at 
most two exceptions. 
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1. Introduction 

The purpose of this paper is to study the thermodynamic formalism of a 
complex rational map / of degree at least two, viewed as a dynamical system 
acting on the Riemann sphere C. More precisely, for a real parameter t we 
study the existence of equilibrium states of / for the potential —tin \ f'\ and 
the (real) analytic dependence on t of the corresponding pressure function. 
Our particular choice of potentials is motivated by the close connection be- 
tween the corresponding pressure function and various multifractal spectra. 
In fact, we give applications of our results to rigidity, multifractal analysis 
of dimension spectrum for Lyapunov exponents and for pointwise dimen- 
sions, as well as level-1 large deviations. See [BS96j BSU'il IEre91j for other 
applications of the thermodynamic formalism of rational maps to complex 
analysis. 

For t < and for an arbitrary rational map /, a complete description of 
the thermodynamic formalism was given by Makarov and Smirnov in [MSOOj . 
They showed that the corresponding transfer operator is quasi-compact on 
a suitable Sobolev space, see also [Rue92j . For t = and a general rational 
map /, there is a unique equilibrium state of / for the constant potential 
equal to |Lju83 FLM83], To the best of our knowledge it is not known 



if for a general rational map / the pressure function is real analytic on a 
neighborhood of t = 0. For t > the only results on the analyticity of the 
pressure function that we are aware of, are for generalized polynomial-like 
maps without recurrent critical points in the Julia set. For such a map the 
analyticity properties of the pressure function were studied in [MS03j lSU03| . 
using a Markov tower extension and an inducing scheme, respectively. 

Under very weak hypotheses on a rational map /, we show that the pres- 
sure function is real analytic at each parameter t in R, with at most two 
exceptions. In other words, the pressure function can have at most two phase 
transitions and thus at most three phases. It turns out that the parameter 
t = is always contained in one of the phases, which is characterized as the 
only phase where the measure theoretic entropy of an equilibrium state can 
be strictly positive. We show that for every parameter in this phase there 
is a unique equilibrium state that has exponential decay of correlations and 
that satisfies the Central Limit Theorem. 

Our results apply to well-known classes of non-uniformly hyperbolic ra- 
tional maps. Furthermore our results apply to all non-renormalizable poly- 
nomials without indifferent periodic points, to infinitely renormalizable qua- 
dratic polynomials with a priori bounds, and to all quadratic polynomials 
with real coefficients. 

The main ingredients in our approach are the distinct characterizations of 
the pressure function given in [PRLS04] and the inducing scheme introduced 
in [PRL07j . which we develop here in a more general setting. It is worth 
noticing that to study a rational map with a recurrent critical point in the 
Julia set, it is usually not enough to consider an induced map defined with 
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the first return time. The induced maps considered here are constructed 
with higher returns times, which makes the estimates more delicate. As 
in |PRL07j . our key estimates are based on controlling a discrete version 
of conformal mass. However, the "density" introduced in [PRL07] for this 
purpose does not work in the more general setting considered here. We thus 
introduce a different technique, based on a Whitney type decomposition. 

There have been several recent results on the thermodynamic formal- 
ism of multimodal interval maps with non-flat critical points, by Bruin and 
Todd |BT08llBT09] and Pesin and Senti [PS08] . Besides [BT081 Theorem 6], 
that gives a complete description of the thermodynamic formalism for t close 
to and for a general topologically transitive multimodal interval map with 
non-flat critical points, all the results that we are aware of are restricted to 
non-uniformly hyperbolic maps. It is possible to apply the approach given 
here to obtain a fairly complete description of the thermodynamic formalism 
of a general topologically transitive multimodal interval map with non-flat 
critical points. We obtain in particular that the pressure function of such a 
map is real analytic at each parameter in R, with at most two exceptions^ 
We are in the process of writing these results. 

After reviewing some general properties of the pressure function in §1.11 
we state our main result in £11.2i The applications to rigidity, multifractal 
analysis, and level-1 large deviations are given in Appendix [Bl 

Throughout the rest of this introduction we fix a rational map / of degree 
at least two, we denote by Crit(/) the set of critical points of / and by J(f) 
the Julia set of /. 



1.1. The pressure function and equilibrium states. We give here the 
definition of the pressure function and of equilibrium states, see £j2] for ref- 
erences and precise formulations. 

Let ^(f) be the space of all probability measures supported on J(f) 
that are invariant by /. We endow ./#(/) with the weak* topology. For 
each fj, G ^#(/), denote by h^(f) the measure theoretic entropy of fj,, and 
by Xpif) := J*! 11 !/'!^ the Lyapunov exponent of [i. Given a real number t 
we define the pressure of f\j(f) for the potential — t In |/'| by, 



'Recently Iommi and Todd |IT09| have shown similar results for transitive multimodal 
maps with non-flat critical points as those presented here, but only obtaining that the 
pressure function is continuous differentiable, and without statistical properties of the 
equilibrium states. 




P(t) := sup{M/) " *Xm(/) I ^ G -^(Z)} • 
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For each t G R we have P(t) < +00 Q and the function P : M — )• R so defined 
will be called the pressure function of /. It is convex, non- increasing and 
Lipschitz continuous. 

An invariant probability measure [i supported on the Julia set of / is called 
an equilibrium state of f for the potential — tln|/'|, if the supremum (jl.ip 
is attained for this measure. 

The numbers, 

Xinf(Z) := inf {x M (/) I H G Jt{f)} , 

Xsup(/) := sup{x M (/) I fi G ^U)} , 
will be important in what follows. We call 

(1.2) t_ := inf{* G R | P(i) + t X su P (/) > 0} 

(1.3) t+ := sup{t G R I P(i) + txinf(/) > 0} 

the condensation point and the freezing point of /, respectively. We remark 
that the condensation (resp. freezing) point can take the value —00 (resp. 
+00). We have the following properties (Proposition 12. 1 1 ) : 

• i_ < < i+; 

• for all t G R\ (i-,t+) we have P(i) = max{-iXsup(/), -*Xinf (/)}; 

• for all i G we have P(t) > max{-txinf (/), -*Xsu P (/)}- 

1.2. Nice sets and the thermodynamics of rational maps. A neigh- 
borhood V of Crit(/) n J(f) is a nice set for f, if for every n > 1 we have 
f n (dV) n V = 0, and if each connected component of V is simply connected 
and contains precisely one critical point of / in J(f). A nice couple for f 
is a pair of nice sets (V, V) for / such that V C V and such that for every 
n > 1 we have f n (dV) n V = 0. We will say that a nice couple (V, V) is 
small, if there is a small r > such that V C JB(Crit(/) n J(/),r). 

We say that a rational map / is expanding away from critical points, if for 
every neighborhood V' of Crit(/) n J(f) the map / is uniformly expanding 
on the set 

{z G J{f) I for every n > 0, / n (z) V'}. 

Main Theorem. Let f be a rational map of degree at least two that is ex- 
panding away from critical points, and that has arbitrarily small nice couples. 
Then following properties hold. 

Analyticity of the pressure function: The pressure function of f 
is real analytic on (t-,t + ), and linear with slope — Xsup(/) (resp. 
-Xhrf(f)) on (-OO) t-] ( res P- [t+,+00)). 

^When t < the number P(t) coincides with the topological pressure of for the 

potential — fln|/'|, defined with (n, e)-separated sets. However, these numbers do not 
coincide when t > and there are critical points of / in J(f). In fact, since In |/'| takes 
the value —00 at each critical point of /, in this case the topological pressure of f\j(f) for 
the potential — t In |/'| is equal to +00. 



THERMODYNAMICS OF RATIONAL MAPS 



5 



Equilibrium states: For each to £ (t-,t+) there is a unique equilib- 
rium state of f for the potential — to In \ f \ . Furthermore this measure 
is ergodic and mixing. 

We now list some classes of rational maps for which the Main Theorem 
applies. 

• Using |KvS09j we show that each at most finitely renormalizable 
polynomial without indifferent periodic orbits satisfies the hypotheses 
of the Main Theorem, see Theorem O in §A,ll 

• Quadratic polynomials with real coefficients satisfy the hypothesis of 
the Main Theorem, with two exceptions: Maps with an indifferent 
periodic point, which are considerably simpler to treat, and maps 
having a renormalization conjugated to the Feigenbaum polynomial, 
for which we show that a slightly more general version of the Main 
Theorem applies (Theorem iBl in In particular our results imply 
that the conclusions of the Main Theorem hold for each quadratic 
polynomial with real coefficients, see ^A, 31 for details. 

• Topological Collet- Eckmann rational maps have arbitrarily small nice 
couples [PRL071 Theorem E] and are expanding away of critical 
points. These maps include Collet- Eckmann rational maps, as well 
as maps without recurrent critical points and without parabolic pe- 
riodic points; see |PR98] and also |PRLS03[ Main Theorem]. 

• Each backward contracting rational map has arbitrarily small nice 
couples [RL071 Proposition 6.6]. If in addition the Julia set is dif- 
ferent from C, such a map is also expanding away from critical 
points [RL071 Corollary 8.3]. In [RL071 Theorem A] it is shown that 
a rational map / of degree at least two satisfying the summability 
condition with exponent 1 : 

f does not have indifferent periodic points and for each 
critical value v in the Julia set of / we have 

Ei(/ ri )»r 1 <+ o ° 

n=l 

is backward contracting, and it thus has arbitrarily small nice cou- 
ples. In |Prz98j it is shown that each rational map satisfying the 
summability condition with exponent 1 is expanding away of critical 
points. 

Using a stronger version of the Main Theorem (Theorem [B] in £J7J) , we 
show that each infinitely renormalizable quadratic polynomial for which the 
diameters of the small Julia sets converge to satisfies the conclusions of 
the Main Theorem, see §A.2l in AppendixO In particular the conclusions of 
the Main Theorem hold for each infinitely renormalizable polynomial with 
a priori bounds; see [KL081 IMcM94) and references therein for results on a 
priori bounds. 
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Remark 1.1. In the proof of the Main Theorem we construct the equilibrium 
states through an inducing scheme with an exponential tail estimate, that 
satisfies some additional technical properties; see §4.3l for precise statements. 
The results of |You99j imply that the equilibrium states in the Main Theorem 
are exponentially mixing and that the Central Limit Theorem holds for these 
measures. It also follows that these equilibrium states have other statistical 
properties, such as the "almost sure invariant principle", see e.g. [Gou05^ 
IMNOmlMNOStlTKOBj . 

We obtain as a direct consequence of the Main Theorem the following 
result on the integral means spectrum. 

Corollary 1.2. Let f be a monic polynomial with connected Julia set and 
degree d > 2, that is expanding away from critical points and that has arbi- 
trarily small nice couples. Let 

<f>: {z E C | \z\ > 1}->C\J(/) 

be a conformal representation that is tangent to the identity at infinity. Then 
the integral means spectrum of (ft, 

In J^^jreMm'de 
(3,(t) := hmsup , 

is real analytic on and linear with slope 1 — Xsup(/)/ mc ^ (resp. 

1 - Xinf(/)/ In d) on (-oo,t_] (resp. [t + ,+oo)). 

This corollary follows directly from the fact that for each t S M. we 
have fy(t) = P(t)/\nd + t - 1, see for example [BMS031 Lemma 2]. 

We will now consider several known results related to the Main Theorem. 

As mentioned above, Makarov and Smirnov showed in [MSOOj that the 
conclusions of the Main Theorem hold for every rational map on (— oo,0). 
Furthermore, they characterized all those rational maps whose condensation 
point t- is finite; see §B.1I 

For a uniformly hyperbolic rational map we have i_ = — oo and t+ = +oo, 
and for a sub-hyperbolic polynomial with connected Julia set we have t + = 
+oo [MS96 . The freezing point t + is finite whenever / does not satisfy the 
Topological Collet-Eckmann Condition! (Proposition \2.1\ . In fact, in this 
case the freezing point t+ is the first zero of the pressure function. On the 
other hand, there is an example in |MS03t §3.4] of a generalized polynomial- 
like map satisfying the Topological Collet-Eckmann Condition.] and whose 
freezing point t + is finite. 

When / is a generalized polynomial-like map without recurrent critical 
points, the part of the Main Theorem concerning the analyticity of the 

*By PRLS03, Main Theorem] / satisfies the Topological Collet-Eckmann Condition if, 
and only if, Xinf(/) > 0. 

§In fact this map has the stronger property that no critical point in its Julia set is 
recurrent. 
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pressure function was shown in [MSOCH IMS03} ISU03] . Note that the results 
of |SU03| apply to maps with parabolic periodic points. 

Let us also mention that, if / is an at most finitely renormalizable poly- 
nomial without indifferent periodic points and such that for every critical 
value v in J(f) 

lim |CP)»| = +oo, 

n— >+oo 

and if to > is the first zero of the pressure function, then the absolutely 
continuous invariant measure constructed in [RLS10] is an equilibrium state 
of / for the potential -to In \f'\, see also [GS09L IPRL07] . 

In the case of a general transitive multimodal interval map with non- 
flat critical points, a result analogous to the Main Theorem was shown 
by Bruin and Todd in [BT081 Theorem 6] for t in a neighborhood of 0. 
Similar results for t in a neighborhood of [0, 1] were shown by Pesin and 
Senti in |PS08] for multimodal interval maps with non-flat critical points 
satisfying the Collet-Eckmann condition and some additional properties (see 
also [BT091 Theorem 2]) and by Br uin and Todd in |BT09t Theorem 1], 
for t in a one-sided neighborhood of 1, and for multimodal interval maps 
with non-flat critical points and with a polynomial growth of the derivatives 
along the critical orbits; see also [BK98J. 

In |Dob09t Proposition 7], Dobbs shows that there is a quadratic poly- 
nomial with real coefficients /o such that the pressure function, defined for 
the restriction of fo to a certain compact interval, has infinitely many phase 
transitions before it vanishes. This behavior of /o as an interval map is in 
sharp contrast with its behavior as a complex map: Our results imply that 
the pressure function of fo, viewed as a map acting on the (complex) Julia 
set of fo, is real analytic before it vanishes. 

1.3. Notes and references. See the book |Rue04j for an introduction to 
the thermodynamic formalism and |PU02t IZin96] for an introduction in the 
case of rational maps. 

For results concerning other potentials, see |DU9H IGW071 lPrz90l IUrb03| 
for the case of rational maps, and [BT08, PS08] and references therein for 
the case of multimodal interval maps with non-flat critical points. 

For a rational map / satisfying the Topological Collet-Eckmann Condition 
and for t = HDi lyp (/), the construction of the corresponding equilibrium 
state given here gives a new proof of the existence of an absolutely continuous 
invariant measure, with respect to a conformal measure. More precisely, it 
gives a new proof of [PRL071 Key Lemma]. 

1.4. Strategy and organization. We now describe the strategy of the 
proof of the Main Theorem, and simultaneously describe the organization of 
the paper. Our results are either well-known or vacuous for rational maps 
without critical points in the Julia set, so we will (implicitly) assume that 
all the rational maps we consider have at least one critical point in the Julia 
set. 
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In $2] we review some general results concerning the pressure function, 
including some of the different characterizations of the pressure function 
given in |PRLS04] , We also review some results concerning the asymptotic 
behavior of the derivative of the iterates of a rational map. These results 
are mainly taken or deduced from results in |Prz99} IPRLS03"! IPRLS04] . 

To prove the Main Theorem we make use of the inducing scheme intro- 
duced in |PRL07| , which is developed in the more general setting considered 
here in §£j3l [H In §3.11 we recall the definitions of nice sets and couples, 
and introduce a weaker notion of nice couples that we call "pleasant cou- 
ples". Pleasant couples will allow us to handle non-primitive renormaliza- 
tions, see Remark I A. 61 Then we recall in £ )3.2l the definition of the canonical 
induced map associated to a nice (or pleasant) couple. We also review the 
decomposition of its domain of definition into "first return" and "bad pull- 
backs" as well as the sub-exponential estimate on the number of bad pull- 
backs of a given order ( §3.3|) . In §3.41 we consider a two variable pressure 
function associated to such an induced map, that will be very important 
for the rest of the paper. This pressure function is analogous to the one 
introduced by Stratmann and Urbanski in |SU03j . 

In 2] we give sufficient conditions on a nice (or pleasant) couple so that 
the conclusions of the Main Theorem hold for values of t in a neighborhood 
of an arbitrary to £ (t-jt+) (Theorem [A} . These conditions are formulated 
in terms of the two variable pressure function defined in §3.41 We follow the 
method of |PRL07j for the construction of the conformal measures and the 
equilibrium states, which is based on the results of Mauldin and Urbanski 
in |MU03| . As in [PS08j . we use a result of Zweimiiller in |Zwe05j to show 
that the invariant measure we construct is in fact an equilibrium state. 
The uniqueness is a direct consequence of the results of Dobbs in |Dob08| . 
generalizing |Led84j . Finally, we use the method introduced by Stratmann 
and Urbanski in [SUQ3J to show that the pressure function is real analytic. 
Here we make use of the fact that the two variable pressure function is 
real analytic on the interior of the set where it is finite, a result shown by 
Mauldin and Urbanski in |MU03| . 

The proof the Main Theorem is contained in §^5l El [71 The proof is divided 
into two parts. The first, and by far the most difficult one, is to show that 
for to £ (i_,i+) the two variable pressure associated to a sufficiently small 
nice (or pleasant) couple is finite on a neighborhood of (t,p) = (to,P(to)). 
To do this we use the strategy of |PR.L07j : we use the decomposition of the 
domain of definition of the induced map associated to a nice (or pleasant) 
couple, into first return and bad pull-backs evoked in £13.31 Unfortunately, 
for values of t such that P(t) < 0, there does not seem to be a natural way 
to adapt the density introduced in |PRL07| to estimate the contribution 
of a bad pull-back. Instead we use a different argument involving a Whit- 
ney type decomposition of a pull-back, which is one of the main technical 
tools introduced in this paper. Roughly speaking, we have replaced the "an- 
nuli argument" of [PRL071 Lemma 5.4] by an argument involving "Whitney 
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squares", that allow us to make a direct estimate avoiding an induction on 
the number visits to the critical point. The Whitney type decomposition is 
introduced in $5] and the estimate on the contribution of a (bad) pull-back 
is given in $6l The finiteness of the two variable pressure function is shown 
in §7.11 The second part of the proof, that for each t close to to the two 
variable pressure function vanishes at (t,p) = (t, P(t)), is given in §7.21 Here 
we have replaced the analogous (co-) dimension argument of |PRL07| . with 
an argument involving the pressure function of the rational map. 

Appendix [A] is devoted to show that the conclusions of the Main Theo- 
rem hold for several classes of polynomials. In §A.1I we show that each at 
most finitely renormalizable polynomial without indifferent periodic points 
satisfies the hypotheses of the Main Theorem (Theorem [C]) . Then in £ jA,2l 
we show that each infinitely renormalizable quadratic polynomial for which 
the diameters of small Julia sets converge to satisfies the hypotheses of 
Theorem |Bj Finally, £ jA.3l is devoted to the case of quadratic polynomials 
with real coefficients. 

In Appendix [B] we give applications of our main results to rigidity, mul- 
tifractal analysis, and level-1 large deviations. 

1.5. Acknowledgments. We are grateful to Weixiao Shen and Daniel Sma- 
nia for their help with references, Weixiao Shen again and Genadi Levin for 
their help with the non-renormalizable case and Henri Comman for his help 
with the large deviations results. We also thank Neil Dobbs, Godofredo 
Iommi, Jan Kiwi and Mariusz Urbanski for useful conversations and com- 
ments. Finally, we are grateful to Krzysztof Baranski for making Figure [1] 
and the referee for his suggestions and comments that help to clarify some 
of the concepts introduced in the paper. 

2. Preliminaries 

The purpose of this section is to give some some general properties of the 
pressure function (§ §2.2|. [273]) . and some characterizations of Xinf an d Xsup 
( §2.4B . These results are mainly taken or deduced from the results in |Prz99} 
IPRLS031 IPRLS04] . We also fix some notation and terminology in §2,1} that 
will be used in the rest of the paper. 

Throughout the rest of this section we fix a rational map / of degree at 
least two. We will denote h fl (f), x^if)-, ■ ■ ■ J us t by h^, Xtn ■ ■ ■ ■ For simplicity 
we will assume that no critical point of / in the Julia set is mapped to 
another critical point under forward iteration. The general case can be 
handled by treating whole blocks of critical points as a single critical point; 
that is, if the critical points Co, . . . ,c& G J{f) are such that Cj is mapped 
to Cj + i by forward iteration, and maximal with this property, then we treat 
this block of critical points as a single critical point. 

2.1. Notation and terminology. We will denote the extended real line 
by!:=MU{-oo,+oo}. 
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Distances, balls, diameters and derivatives are all taken with respect to 
the spherical metric. For z £ C and r > 0, we denote by B(z,r) C C the 
ball centered at z and with radius r. 

For a given z £ C we denote by deg^(2i) the local degree of / at z, and 
for V C C and n > 0, each connected component of f~ n (V) will be called 
a pull-back of V by f n . When V is clear from the context, for such a set W 
we put my/ = n. When n = we obtain that each connected component W 
of V is a pull-back of V with myy = 0. In the case where f n is univalent 
on W we will say that W is an univalent pull-back of V by f n . Note that 
the set V is not assumed to be connected. 

We will abbreviate "Topological Collet-Eckmann" by TCE. 

2.2. General properties of the pressure function. Given an integer n > 
1 let A n : C x R — > R be the function defined by 

K(zo,t)-.= £ itn'faor. 

u>e/-™(* ) 

Then for every i 6 1 and every zq in C outside a set of Hausdorff dimension 0, 
we have 

(2.1) limsupilnA n (^o,t) = P(t), 

7H- + 0O 

see |Prz99llPRLSn4] . 

In the following proposition, 

HDh yp (/) := sup{HD(X) | X compact and invariant subset of C 

where / is uniformly expanding}. 

Proposition 2.1. Given a rational map f of degree at least two, the function 

t ^ P(t) + tXinf (resp. t ^ P(t) + tXsnp), 

is convex, non-increasing, and non-negative on [0, +oo) (resp. (— oo,0}). 
Moreover t^ < 0, and we have t + > HDh yp (/) with strict inequality if, and 
only if, f satisfies the TCE condition. 

In particular for all t in we have P(t) > max{— tXinf > — ^Xsup}, 

and for all t m R \ i+) we have P(t) = max{— txinf > — ^Xsup}- 

Proof. For each \i G j% (/) the function 1 1-> h fM (f) — t{Xfj, — Xinf ) (resp. t h-> 
/i^ — t(Xfi — Xsup)) is affine and non-increasing on [0, +oo) (resp. (— oo,0]). 
As by definition 

P(t) = sup{/i M - txn | H G -#(/)}, 

we conclude that the function t >->■ P(t) + txinf (resp. t \— > P(t) + txinf) is 
convex and non-increasing on [0, +oo) (resp. (— oo,0]). It also follows from 
the definition that 1 1-> P(t) + txinf (resp. 1 1-)- P{t) + txinf ) is non-negative 
on this set. 

The inequalities i_ < and t+ > HDh yp (/) follow from the fact that Xmi 
is non-negative and from the fact that the pressure function P is strictly 
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positive on (0, HDh yp (/)) |Prz99] . When / satisfies the TCE condition, then 
Xinf > [PRLS031 Main Theorem] and thus t+ > HD h yp (/). When / does 
not satisfy the TCE condition, then Xinf = |PRLS03| Main Theorem] and 
therefore the equality t + = HDh yp (/) follows from the fact that HDh yp (/) 
is the first zero of the function P |Prz99] , □ 

2.3. The pressure function and conformal measures. For real num- 
bers t and p we will say that a finite Borel measure fi is (t,p)- conformal 
for /, if for each Borel subset U of C on which / is injective we have 

M (/(C/)) = exp(p) / l/fdp. 

Ju 

By the locally eventually onto property of / on J(f) it follows that if the 
topological support of a (t,p)-conformal measure is contained in J(/), then 
it is in fact equal to </(/). 

Proposition 2.2. Let f be a rational map of degree at least two. Then for 
each t £ (f_, +oo) there exists a (t, P(t))- conformal measure for f supported 
on J{f), and for each real number p for which there is a (t,p) -conformal 
measure for f supported on J(f) we have p > P(t). 

Proof. When t = 0, the assertions are well known, see for example |DU91t 
p. 104]. The case t > is given by |PRLS04"1 Theorem A]. In the case 
t £ (t_,0) the exis tence is g iven by |MS001 §3.5] (see also [PRLS041 Theo- 
rem A. 7]), and in |PRLS04l Proposition A. 11] it is shown that if for some 
real number p there is a (t,p)-conformal measure, then in fact p = P(t). □ 

2.4. Characterizations of Xinf and Xsu P - The following proposition gives 
some characterizations of Xinf an d Xsu P > which are obtained as direct conse- 
quences of the results in [PRLS03] . 

For each a > put 

+oo +oo 

E«= U B (r(Crit(/)),max{n ,n}- Q ) . 

71(3 = 1 71=1 

Observe that the Hausdorff dimension of E a is less than or equal to a" 1 . 
It thus follows that the Hausdorff dimension of the set Eqo := HoX) ^ a is 
equal to 0. 

Proposition 2.3. For a rational map f of degree at least two, the following 
properties hold. 

1. Given a repelling periodic point p of f , let m be its period and put 
x (p) ■= iln|((/ m )'(p)|. Then we have 

inf{x(p) | p is a repelling periodic point of f} = Xinf> 

sup{x(p) | p is a repelling periodic point of /} = Xsu P - 

2. 

hm Ilnsup{|(r)'(z)| |zGC} = Xsu P . 
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3. For each zq G C \ we have 

(2.2) lim Ilnmin{|(r)'H| I w G f~ n (z )} = X inf, 

n— >+oo 

(2.3) lim ilnm a x{|(r) / H||u;Gr n ^o)}=Xsup. 

n— >-+oo 

Proo/. 

1. The equality involving Xinf was shown in |PRLS03"1 Main Theorem]. 
To prove the equality involving Xsup, first note that if p is a repelling pe- 
riodic point of /, and if we denote by m its period, then the measure 
H := Y^=o fifi(p) 1S invariant by / and its Lyapunov exponent is equal 
to x(p)- It thus follows that 

sup{x(p) | p repelling periodic point of /} < Xsup- 

The reverse inequality follows from the fact, shown using Pesin theory, that 
for every ergodic and invariant probability measure ji whose Lyapunov ex- 
ponent is strictly positive and every e > 0, one can find a repelling periodic 
point p such that \Xfi — x(p)\ < e 'i see f° r example jPU02( Theorem 10.6.1]. 

2. For each integer n > 1 put 

M n :=sup{\(f n y(z)\\zeC}. 
Note that for integers m, n > 1 we have M m+n < M m ■ M n , so the limit 

X := lim ±lnM„ 

exists. The inequality x — Xsup follows from part 1. To prove the reverse 
inequality, for each integer n > 1 let z n G C be such that \{f n )'{z n )\ = M n 
and put 

n-l 
3=0 

Let (n,j)j>o be a diverging sequence of integers so that fi nj converges to a 
measure /x, which is invariant by [i. Since the function ln|/'| is bounded 
from above, the monotone convergence theorem implies that 

lim /"max{A,ln|/'|}d/4= /lnl/'ld/i. 

A-+-00J J 

On the other hand, for each real number A we have 

max{^4, In \f'\}dfi = lim / max{A, In \f'\}dfi n . > lim sup / ln|/'|d/i„.. 

We thus conclude that 

Xsup > / H/Va* > limsup / \n\f\d^ n . = X - 

J j — >+oo J 



THERMODYNAMICS OF RATIONAL MAPS 



13 



3. For a point zq G C which is not in the forward orbit of a critical point 
of /, the inequalities 

limsup i In min{ | (/")' H| | w G /~ n (z )} < Xinf, 

n— >+oo 

hminf ilnmax{|(r)'H| | w G /""(zd)} > Xsup- 

n— >+oo 

are a direct consequence of part 1 and the following property: For each 
repelling periodic point p there is a constant C > such that for every 
integer n > 1 there is u> G f~ n { z o) satisfying 

C^expfaxCp)) < KD'HI < Cexp(n X (p)). 
Part 2 shows that for each zq G C we have 

limsup±mmax{|(/ n )'HI | to G /""(^o)} < Xsup- 

n— >+oo 

It remains to show that for every zq G C \ i?oo we have 

Afo) := liminf I In min{| (/")'(«;) | | w G /""(^o)} > Xinf- 

n— »+oo 

We observe fist that this inequality holds for some point z$ in C \ E^. In 
fact, let if be a compact subset of </(/) of non-zero Hausdorff dimension 
on which / is uniformly expanding. Then for each z$ G K \ the above 
inequality follows from part 1 and the "specification property" of |PRLS03| 
Lemma 3.1]. The final observation is that the function A is constant on 
C\£oo, see |Prz991 §3] or also [PRLS031 §1]. To prove this fixz.we C\£°o 
and for a given integer join z to w with a certain number M of discs (Uj)jL 1 
such that z G U±, z G Um and such that for each j G {1,...,M — 1} 
we have Uj n Uj + \ / 0, in such a way that for each j G {1, ... , M} the 
disc 2Uj, with the same center as Uj and twice the radius, is disjoint from 
Ui=i n /*(Crit(/)). By Koebe Distortion Theorem it follows that there is 
a constant B > such that the absolute value of the ratio of the derivative 
of f n at corresponding points of f~ n (z) and f~ n (w) is bounded by exp(BM). 
The main point, shown in |Prz99} §3], is that there is e G (0, 1) such that 
for every sufficiently large n such a chain of discs exists for some integer M 
satisfying M < n e . In particular, the ratio of these derivatives is sub- 
exponential with n. This implies that A(z) = A(w) and completes the proof 
of the proposition. □ 

3. Nice sets, pleasant couples and induced maps 

In §3.1l we recall the definition and review some properties of nice sets and 
couples. We also introduce a notion weaker than nice couple, that we call 
"pleasant couple" . Then we consider the canonical induced map associated 
to a pleasant couple in §3.2[ as it was introduced in |PRL07t §4] for nice 
couples, and review some of its properties ( §3.3|) . Finally, we introduce 
in §3.4l a two variable pressure function associated to the a canonical induced 
map, that will be important in what follows. 
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Throughout all this section we fix a rational map / of degree at least two. 

3.1. Nice sets, nice couples, and pleasant couples. Recall that a neigh- 
borhood V of Crit(/) n «/(/) is a nice set for f, if for every n > 1 we have 
f n (dV) n V = 0, and if each connected component of V is simply connected 
and contains precisely one critical point of / in «/(/). 

Let V = UceCrit(/)nJ(/) ^ C ^ e a n ^ ce se * f° r /• Then for every pull-back W 
of V we have either 

WHV = or W CV. 
Furthermore, if W and W are distinct pull-backs of V, then we have either, 

W n W" = 0, W C W" or W' C W. 

For a pull-back VF of V we denote by c(W) the critical point in Crit(/)nJ(/) 
and by mw > the integer such that f mw {W) = V c ( w \ Moreover we put, 

K(V) = {z G C | for every n > we have f n (z) 1/}. 

Note that K(V) is a compact and forward invariant set and for each c G 
Crit(/) H «/(/) the set F c is a connected component of C \ K(V). Moreover, 
if W is a connected component of C\K(V) different from the V c , then f(W) 
is again a connected component of C\K(V). It follows that W is a pull-back 
of V and that f mw is univalent on W. 

Given a nice set y for / and a neighborhood V of V in C we will say that 
(V, V) is a pleasant couple for f if for every pull-back W of V, the pull-back 
of V by / m w containing W is 

(i) contained in V if is contained in V; 

(ii) disjoint from Crit(/) if W is disjoint from V . 

If (V, V) is a pleasant couple for /, then for each c G Crit(/)nJ(/) we denote 
by l/ c the connected component of V containing c and for each pull-back W 
of V we will denote by W the pull-back of V by f mw that contains VF and 
put := mvy and c(W) := c(W). Thus, when W is disjoint from V, it is 
shielded from Crit(/) by W by property (ii). Otherwise, W C V and then 
the set VF may or may not intersect Crit(/). The latter distinction will be 
crucial in what follows. 

Let (V, V) be a pleasant couple for / and let W be a connected component 
of C\K(V). Then for every j = 0, . . . , mw — 1, the set f 3 (W) is a connected 
component of C \ ^(V) different from the V c . Thus f 3 (W) is disjoint 
from V and by property (ii) the set fi(W) is disjoint from Crit(/). It 
follows that f mw is univalent on W. 

A nice couple for f is a pair (V, V) of nice sets for / such that V C V, 
and such that for every n > 1 we have / n (3F) n V = 0. If (V, V) is a nice 
couple for /, then for every pull-back W of V we have either 

WC\V = $ or W CV. 



THERMODYNAMICS OF RATIONAL MAPS 



15 



It thus follows that each nice couple is pleasant. 

Remark 3.1. The definitions of nice sets and couples given here is slightly 
weaker than that of [PRL071 IRL07] , For a set V = U ce crit(/)nJ(/) yC to 
be nice, in those papers we required the stronger condition that for each 
integer n > 1 we have f n (dV) n V = 0, and that the closures of the sets V° 
are pairwise disjoint. Similarly, for a pair of nice sets (V, V) to be a nice 
couple we required the stronger condition that for each n > 1 we have 

f n (dV) n V = 0. The results we need from [PRL07| still hold with the 
weaker property considered here. 

Observe that if (V, V) is a nice couple as defined here, then V is a nice 
set in the sense of jPRL07l IRT07] . 

The following proposition^ sheds some light on the definitions above, al- 
though it is not used later on; compare with the construction of nice couples 
in JO (Theorem [C]) and in [RL071 §6]. 

Proposition 3.2. Suppose that for a rational map f there exists a nice set 
U = U c eCrit(/)nJ(/) U° suc h ^at for every integer n > 1 

(3.1) f n (du)nu = 0. 

Suppose furthermore that the maximal diameter of a connected component 
of f~ k (U) converges to as k —> +oo. Then there exists a nice set V for f 
that is compactly contained in U such that (U, V) is a nice couple for f. 

Proof. Since U is a nice set each connected component of the set A := 
C \ f~ l {K(U)) is a pull-back of U. Furthermore, by f)3. 1 1) each connected 
component W of A intersecting U is compactly contained in U, and mw is 
the first return time to U of points in W. 

If the forward trajectory of c visits U, take as V c the connected component 
containing c of A. Since U is a nice set, V c is a first return pull-back of U, 
and by (|3.ip the set V c is compactly contained in U. In particular for 
each integer re > 1 we have f n {dV c ) Pi U = 0. For each critical point 
c € Crit(/) n </(/) whose forward trajectory never returns to U, take a 
preliminary disc D compactly contained in U c . By (|3.ip each connected 
component of A intersecting D is compactly contained in U c . Let now V c be 
the union of D and all those connected components of A intersecting D. The 
hypothesis on diameters of pull-backs implies that V° is compactly contained 
in U, and that each point in dV c is either contained in dD n (C \ A), or 
in the boundary of a connected component of A intersecting D (which is 
a first return pull-back of U). Therefore for each integer re > 1 we have 
f n {dV c ) n U = 0. Finally let V c be the union of V c and all connected 
components of C\ V c contained in U c (We do this "filling holes" trick since 
a priori it could happen that the union of D and one of the connected 



'We owe this proposition to Shen, from a personal communication. 
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components of A, and consequently V c , might not be simply-connected). 
We have dV c C dV c , so for each integer n > 1 we have f n (dV c ) fl U = 0. 

Set V = Uc€Crit(/)nJ(/) ^ e have shown that for each integer n > 1 
we have f n (dV) fl t/ = 0, so (17, V) is a nice couple. □ 

3.2. Canonical induced map. Let (V, V) be a pleasant couple for /. We 
say that an integer m > 1 is a good izme for a point z in C, if f m {z) G V 
and if the pull-back of V by f m to z is univalent. Let D be the set of all 
those points in V having a good time and for z S D denote by m{z) > 1 the 
least good time of z. Then the map F : D ->V defined by F{z) := f n < z \z) 
is called the canonical induced map associated to (V, V). We denote by 
J{F) the maximal invariant set of F and by Q the collection of connected 
components of D. 

As V is a nice set, it follows that each connected component W of D 
is a pull-back of V and that for each z E W we have m(z) = mw More- 
over, f mw is univalent on W and by property (i) of pleasant couples we have 
W C V. Similarly, for each integer n > 1, each connected component W 
of the domain of definition of F n is a pull-back of V and f mw is univalent 
on W. Conversely, if TV is a pull-back of V strictly contained in V such 
that f mw is univalent on W, then there is c £ Crit(/) n </(/) and an in- 
teger n > 1 such that F n is defined on W and -F n (VK) = V c . Indeed, in 
this case mw is a good time for each element of W and therefore W C D. 
Thus, either we have F(W) = V c ^ and then W is a connected component 
of D, or F(W) is a pull-back of V strictly contained in V such that / m ^(w) 

is univalent on F(W). Thus, repeating this argument we can show by in- 
duction that there is an integer n > 1 such that F n is defined on W and 
F n (W) = V c( - W \ 

The following result was shown in [PRL07] for nice couples. The proof 
applies without change to pleasant couples. 

Lemma 3.3 QPRL07] . Lemma 4.1). For every rational map f there is r > 
such that if (V, V) is a pleasant couple satisfying 

(3.2) max diam ( V c ) < r, 

c€Crit(/)nJ(/) V ) 

then the canonical induced map F : D — >■ V associated to (V, V) is topolog- 
ical^ mixing on J{F). Moreover there is c G Crit(/) n J(f) such that the 
set 

(3.3) ynw \W £ D contained in V c and such that F(W) = F c | 

is non-empty and its greatest common divisor is equal to 1. 

Remark 3.4. We will apply several results of [MU03J to the induced map F. 
However, most of the results we need from [MU03] are stated for the as- 
sociated symbolic space. The corresponding results for the induced map F 
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can be obtained using Lemma 3.1.3, Proposition 3.1.4 and Theorem 4.4.1 
of |MU03| . 

3.3. Bad pull-backs. We will now introduce the concept of "bad pull- 
backs" of a pleasant couple. It is an adaptation of the concept with the 
same name introduced in |PRL071 §7.1] for a nice set. 

Given a pleasant couple (V, V) and an integer n > 1, a point y G f~ n (V) 
is a bad iterated pre-image of order n if for every j G {1, ...,n} such 
that f J {y) G V the map f J is not univalent on the pull-back of V by f J 
containing y. In this case every point y' in the pull-back X of V by f n 
containing y is a bad iterated pre-image of order n. We could call X a bad 
pull-back of V of order n, although this terminology would not be used in 
the rest of the paper, see Figure [U below. Furthermore, a connected com- 
ponent Y of f~ n {V) is a bad pull-back of V of order n, if it contains a bad 
iterated pre-image of order nfl 

The following two lemmas will be used in the proof of the Main Theorem 
in £J71 They are adaptations to pleasant couples of part 1 of Lemma 7.4 
and of Lemma 7.1 of [PRL07] . Given a pleasant couple (V, V) for / we 
denote by £y the collection of all the connected components of C \ K(V). 
On the other hand, let Y be a pull-back of V and recall that my > 
denotes the integer such that f mY (Y) is equal to a connected component 
of V. Then we let Dy be the collection of all the pull-backs W of V that 
are contained in Y, such that f mw maps the pull-back W of V by f mw 
containing W univalently onto V c ^ w \ such that f mY (W) C V and such 
that f m Y+ l (W) G £y. See Figure E 

Lemma 3.5 ( [PRL07] . part 1 of Lemma 7.4). Let (V, V) be a pleasant 
couple for f and let T> be the collection of the connected components of D. 
Then 

Del |J % c Ju( (J T>y 

\ceCrit(/)nJ(/) / \Y bad pull-back of V 

Proof. Let W G 2). If f(W) G £y, then there is c G Crit(/) n J{f) such 
that W G £>y c - Suppose now f(W) G" £y, so there is an integer j G 
{1, . . . ,mw — 1} such that f-*(W) C V. Let n be the largest such integer, 
so we have f n+1 (W) G £y and, if we let Y be the pull-back of V by f n 
containing W, then W G 3y. It remains to show that Y is a bad pull-back 
of V of order n. Just observe that if we fix y G W C Y, then mw is the least 
good time of y, so y is a bad iterated pre-image of f n (y) G f n (W) C V of 
order n and Y is a bad pull-back of V of order n. This completes the proof 
of the lemma. □ 



'When the pleasant couple (V, V) is nice, it is easy to see that the notion of bad 
pull-back as defined here coincides with that of |PRL07] . See also Remark [3.71 
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Y = V C f rnY (Y) = V c 

Figure 1. On the left, the family associated to a connected 
component Y of V; on the right, the one associated to a 
higher order pull-back Y of V. 

Lemma 3.6 ( [PRL07] . Lemma 7.1). Let f be a rational map, let (V, V) be 
a pleasant couple for f and let L > 1 be such that for every £ £ {1, . . . , L} 
the set /^(Crit(/) D «/(/)) is disjoint from V. Then for each zq £ V and 
each integer n > 1, the number of bad iterated pre-images of zq of order n 
is at most 

(2Ldeg(/)#(Crit(/)n J{f))) n/L . 
In particular, the number of bad pull-backs of V of order n is at most 
#(Crit(/) n J(/))(2Ldeg(/)#(Crit(/) n J(f))) n/L . 

Proof. 

1. Given an integer n > 1 and a bad iterated pre- image y of order n, 
let £(y, n) £ {0, . . . , n — 1} be the largest integer such that the pull-back 
of V by containing f^ y ' n \y) intersects Crit(/) n J(f). Using 
property (ii) of pleasant couples we obtain that f^ y ' n \y) £ V, and in the 
case where £(y, n) > 0, that the point y is a bad iterated pre-image of 
order £(y, n). 

2. Given an integer n > 1 and a bad iterated preimage y of order n, de- 
fine k > 1 and a strictly decreasing sequence of non- negative integers (£o, . . . ,£k) 
by induction as follows. We put £q = n and suppose that for some inte- 
ger j > the integer £j is already defined in such a way that f ij (y) £ V. 

If = then define k := j and stop. Otherwise we have /^ J (y) £ V by the 
induction hypothesis and therefore y is a bad iterated pre-image of f j (y) 
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of order £j. Then we define £j+i ■= £(y,£j). As remarked above f^ j+1 (y) = 
f^ y ' ij \y) G V, so the induction hypothesis is satisfied. 

3. Fix an integer n > 1. To each bad iterated preimage y of order n 
we have associated in part 2 an integer k > 1 and a strictly decreas- 
ing sequence of non-negative integers (£q, . . . ,£k)- We have £q = n, £k = 
and for each j G {l,...,fe} the pull-back of V by f^3- l ~"i contain- 
ing f £j (y) contains an element c of Crit(/) n J(f) and at most degj-(c) 
elements of f~^ 3 ~ 1 ~ £j \f ej {y))- As for each c G Crit(/) n J(/) and each 
integer m > 1 there are at most #(Crit(/) n J(/)) connected components 
of / _m (y c ) intersecting Crit(/) n J(f), it follows that there are at most 

(deg(/)#(Crit(/) n J(f))) k 

bad iterated pre-images of zq of order n whose associated sequence is equal 

to (4,--.,4)- 

By definition of L for each j G {1, ...,&} we have — £j > L. So k < 
n/L and for each integer m G {1, . . . ,n} there is at most one integer r G 
{0, . . . , L — 1} such that m + r is one of the £j. Thus there are at most (L + 
l) n / L such decreasing sequences. 

We conclude that the number of bad iterated pre-images of zq of order n 
is at most, 

(L + l)™/ L (deg(/)#(Crit(/) n J{f))) n/L < (2L deg(/)#(Crit(/) n J{f))) n/L - 

□ 

Remark 3.7. The purpose of this remark is to show the reverse inclusion of 
Lemma 13.51 Although this is not used in the proof of the Main Theorem, 
we think the argument is useful to understand bad pull-backs of pleasant 
couples. As for each c G Crit(/) D </(/) we clearly have D^ c C D, we just 
need to show that for each integer n > 1 and each bad pull-back Y of V 
by f n we have Dy C 2). To do this, let y G Y" be a bad iterated pre-image 
of order n and let k > 1 and (£o, ■ ■ ■ be as in the proof of Lemma 13.61 
An inductive argument using property (ii) of pleasant couples shows that for 
each j G {0, . . . , /c — 1} the set f^(Y)r)f~^ n ~ i ^(V) is contained in V. In par- 
ticular, each element W of 3y is contained in V. On the other hand, observe 
that the pull-back of V by f m w—n containing f n (W) is univalent and by 
property (i) of pleasant couples it is contained in V. Thus, to show W G 2), 
we just need to show that each element y' of W is a bad iterated pre-image of 
order n. Let i G {1, . . . , n} be such that p(y') G V and let j G {0, . . . , k— 1} 
be the largest integer such that £j >i. By property (i) of pleasant couples it 
follows that the pull-back of V by f ej ~ l containing f l (y') is contained in V. 
Since the pull-back of V by f e i~ e i+ 1 containing f l]+1 {y') intersects Crit(/), it 
follows the pull-back of V by f 1 "^^ 1 containing f ej+1 (y') intersects Crit(/) 
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and hence that that f l is not univalent on the pull-back of V by /' con- 
taining y. This completes the proof that y' is a bad iterated pre-image of 
order n and that W G D. 

3.4. Pressure function of the canonical induced map. Let (V, V) be 

a pleasant couple for / and let F : D — > V be the canonical induced map 
associated to (V, V). Furthermore, denote by 2) the collection of connected 
components of D and for each c G Crit(/)n J(f) denote by D c the collection 
of all elements of D contained in V c , so that D = U c eCrit(/)nJ(/) ^ wor d 
on the alphabet £> will be called admissible if for every pair of consecutive 
letters W,W' G D we have W G ^> c i w ') . For a given integer n > 1 we 
denote by E n the collection of all admissible words of length n. Given 
W G 2), denote by c^vf the holomorphic extension to V c ( w ) of the inverse 
of F\ w . For a finite word W_ = W± . . . W n G E* put c(W) := c(iy n ) and 
mw_ = + • • • + mw„- Note that the composition 

4>W ■= <t>Wi o ■ ■ ■ o 0^ 

is well defined and univalent on V c (— ) and takes images in V. 
For each G ffi and n > 1 put 

Z n (t,p) := Yl exp(-mwp) (sup {|^(z)| | z G V c{ ^> })* . 

It is easy to see that for a fixed t,p G R the sequence (In Z n (t,p)) n >i is 

sub-additive, and hence that we have 

(3.4) 

P(F,-tln\F'\-pm) := lim ± lnZ n (t,p) = inf {± lnZ n (i,p) | n > 1} , 

see for example Lemma 2.1.1 and Lemma 2.1.2 of [MU03] . Here m is the 
function defined in §3.21 that to each point z G D it associates the least 
good time of z. The number (|3.4p is called the pressure function of F for the 
potential — In \F' \ —pm. It is easy to see that for every t,p £M the sequence 
(- In Z n (t,p)) n >\ is uniformly bounded from below, so that (|3.4p does not 
take the value — oo. Note however that if D has infinitely many connected 
components and we take t = and p = 0, then we have P(F, 0) = +oo. 

When applying the results of [MU03J to the induced map F we will use the 
fact that the function — lnji 7 ') defines a Holder function on the associated 
symbolic space and hence that for each (t,p) G M 2 the same holds for the 
function — i In l-P'l — pm. 

The following property will be important to use the results of [MU03| . 
(*) There is a constant Cm > such that for every k G (0, 1) and every 
ball B of C, the following property holds. Every collection of pairwise 
disjoint sets of the form D\y, with W_€ E*, intersecting B and with 
diameter at least k • diam(i?), has cardinality at most Cmk~ 2 . 
In fact, F determines a Conformal Graph Directed Markov System (CGDMS) 
in the sense of |MU03| . except maybe for the "cone property" (4d). But 
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in [MU03 the cone property is only used in [MU031 Lemma 4.2.6] to prove (*). 
Thus, when property (*) is satisfied all the results of |MU03] apply to F. In 
|PRL07t Proposition A. 2] we have shown that property (*) holds when the 
pleasant couple (V, V) is nice. 
The function, 

& : M? —?■ MU{+oo} 

(t,p) i-> P(F,-t\n\F'\-pm), 

will be important in what follows. Notice that if & is finite at (iojPo) £ ^ ■, 
then by Proposition 2.1.9 the function —to In \F'\ — p§m defines a summable 
Holder potential on the symbolic space associated to the induced map F. 
Furthermore, it follows that @* is finite on the set 

{(t,p) eK 2 \t>t ,p> Po } 

and, restricted to the set where it is finite, the function 3? it is strictly 
decreasing on each of its variables. 

Lemma 3.8. Let f be a rational map of degree at least two and let (V, V) be 
a pleasant couple for f satisfying property (*). Then the function 3? defined 
above satisfies the following properties. 

1. The function 3^ is real analytic on the interior of the set where it is 
finite. 

2. The function 3? is strictly negative on {(t,p) E M 2 | p > P(t)}. 
Proof. 

1. l{^(t,p) < +oo, then by |MU03J Proposition 2.1.9] the function -tin \F'[ 
pm defines a summable Holder potential on symbolic space associated to F. 
Thus the desired result follows from |MU03( Theorem 2.6.12], see Remark l3.4l 

2. Let (to,po) E M 2 be such that po > P(to). Then for each point zq E V 
for which (|2.ip holds, we have 

+oo 

E eM-pom(y))\(F k y(yT to 

k=l y£F- k (z) 

+oo 

< ^exp(-pon) £ \{f n )'(y)\~ k) < +oo, 
n=i yef-"(z ) 

which implies that ^(toiPo) — 0. This shows that the function 3? is 
non-positive on {(t,p) E (0, +oo) x R | p > P(t)}. That 3 s is strictly 
negative on this set follows from the fact that, on this set, & is strictly 
decreasing on each of its variables. □ 

4. From the induced map to the original map 

The purpose of this section is to prove the following theorem, which gives 
us some sufficient conditions to obtain the conclusions of the Main Theorem. 
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We denote by J CO n(/) the "conical Julia set" of /, which is defined in §4.11 
Recall that conformal measures were defined in §2.31 

Theorem A. Let f be a rational map of degree at least two, let (V, V) be a 
pleasant couple for f satisfying property (*), and let & be the corresponding 
pressure function defined in §3.^[ Then for each to G (t_, +oo), the following 
properties hold. 

Conformal measure: If 3? vanishes at (t,p) = (to, P(to)), then there 
is a unique (to, P (to)) -conformal probability measure for f . Moreover 
this measure is non-atomic, ergodic, and it is supported on J CO n(/)- 

Equilibrium state: If & is finite on a neighborhood of (t,p) = (to, P(to)), 
and vanishes at this point, then there is a unique equilibrium measure 
of f for the potential — toln|/'|. Furthermore, this measure is er- 
godic, absolutely continuous with respect to the unique (to, P (to)) -conformal 
probability measure of f , and its density is bounded from below by a 
strictly positive constant almost everywhere. If furthermore (V, V) 
satisfies the conclusions of Lemma \3.3\ then the equilibrium state is 
exponentially mixing and it satisfies the Central Limit theorem. 

Analyticity of the pressure function: If & is finite on a neigh- 
borhood of (t,p) = (to, P(to)) and for each t € R close to to we have 
&(t,P(t)) = 0, then the pressure function P is real analytic on a 
neighborhood of t = to. 

In §iEl HE [7] we verify that, for a map as in the Main Theorem or more 
generally as in Theorem IE1 in ^TJ and for a given to G (t_,i+) the func- 
tion corresponding to a sufficiently small pleasant couple is finite on a 
neighborhood of (t,p) = (to,P(to)) and that for each t G R close to to we 
have @>(t,P(t)) = 0. 

After some general considerations in £ )4.H the assertions about the confor- 
mal measure are shown in £ )4.2l The assertions concerning the equilibrium 
state are shown in §4.3^ and the analyticity of the pressure function is shown 
in S3 

Throughout the rest of this section we fix /, (V,V), F, as in the 
statement of the theorem. 

4.1. The conical Julia set and sub-conformal measures. The conical 
Julia set of /, denoted by J CO n(f), is by definition the set of all those points x 
in J(f) for which there exists p(x) > and an arbitrarily large positive 
integer n, such that the pull-back of the ball B(f n (x), p(x)) to x by f n is 
univalent. This set is also called radial Julia set. 

We will use the following general result, which is a strengthened version 
of [McMOCH Theorem 5.1], |DMNU98j Theorem 1.2], with the same proof. 
Given t,p G R we will say that a Borel measure [i is (t,p)- sub- conformal f, 
if for every Borel subset U of C \ Crit(/) on which / is injective we have 

(4.1) exp(;p) / 1/fdA* < Kf(U))- 

Ju 
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Proposition 4.1. Fixt G (i_,+oo) andp £ [P(i),+oo). ///u is a (t,p)-sub- 
conformal measure for f supported on J C on(f), thenp = P(t), the measure p 
is (t, P(t))- conformal, and every other (t, P(t))- conformal measure is pro- 
portional to p. Moreover, every subset X of C such that f{X) C X and 
p(X) > has full measure with respect to p. 

The proof of this proposition depends on the following lemma. 

Lemma 4.2. Let t,p E ]R and let p be a (t,p)-sub-conformal measure sup- 
ported on J CO n(/)- Suppose that for some p' < p there exists a non-zero 
(t,p')- conformal measure v that is supported on </(/). Then p' = p and p is 
absolutely continuous with respect to v. In particular ^(J CO n(/)) > 0. 

Proof For p > put J con (/,p) := {% G Jcon(f) \ p{x) > p}, so that 
Jcon(f) = U p >o Jconif, p)- For each po > 0, Koebe Distortion Theorem 
implies that there is a constant C > 1 such that for every x £ J C on(f,Po) 
there are arbitrarily small r > 0, so that for some integer n > 1 we have, 

(4.2) p(B(x,5r)) < Cexp(-np)r* and v(B(x,r)) > C~ l exp(— np )r . 

Given a subset X of J CO n(f, Po), by Vitali's covering lemma, for every ro > 
we can find a collection of pairwise disjoint balls (B(xj,rj))j > Q and strictly 
positive integers (nj)j>o, such that Xj S X, rj £ (0, ro), X C Uj>o B(xj,5rj) 
and such that for each j > the inequalities (|4.2p hold for x := Xj and r := rj 
and n = nj. Moreover, for each integer no > 1 we may choose ro sufficiently 
small so that for each j > we have nj > uq. Since by hypothesis p' < p, 
we obtain 

v{X) > C~ 2 exp(n (p-p'))p(X). 

Suppose by contradiction that p' < p. Choose po > such that p(J CO n(f, Po)) > 
and set X := J CO n(/) Po)- As in the inequality above no > can by taken 
arbitrarily large, we obtain a contradiction. So p' = p and it follows that p 
is absolutely continuous with respect to v. □ 

Proof of Proposition \4-l\ Let v be a (t, P(i))-conformal measure v for / 
supported on J(f). By [PRLS04, Theorem A and Theorem A. 7] there is 
at least one such measure, see also |Prz99j . So Lemma 14.21 implies that 
p = P(t), and that p is absolutely continuous with respect to v. 

In parts 1 and 2 we show that v is proportional to p. It follows in 
particular that p is conformal. In part 3 we complete the proof of the 
proposition by showing the last statement of the proposition. 

1. First note that v' := Hc\j con (/) ^ s a conformal measure for / of the same 
exponent as v. Then Lemma 14.21 applied to v = v 1 implies that, if v' is 
non-zero, then ^'(J C on(/)) > 0. This contradiction shows that v' is the zero 
measure and that v is supported on J CO n(/)- 

2. Denote by g the density p with respect to v. Since v is conformal and p 
sub-conformal, the function g satisfies g o f > g on a set of full z/-measure. 
Let 5 > be such that v({g > 8}) > 0. As v is supported on J con (f), there 
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is a density point of {g > 5} for v that belongs to J CO n(/)- Going to large 
scale and using go f > g, we conclude that {g > 5} contains a ball of definite 
size, up to a set of z^-measure 0. It follows by the locally eventually onto 
property of / on J(f) that the set {g > 5} has full measure with respect 
to v. This implies that g is constant i/-almost everywhere and therefore 
that v and Li are proportional. In particular \i is conformal. 

3. Suppose that X is a Borel subset of C of positive measure with respect 
to n and such that f(X) C X. Then the restriction fj,\x of ii to X is 
a (t, P(t))-sub-conformal measure supported on the conical Julia set. It 
follows that fj,\x is proportional to /z, and thus that li\x = li and that X 
has full measure with respect to fi. □ 

4.2. Conformal measure. Given t,p E K we will say that a measure \i 
supported on the maximal invariant set J(F) of F is (t,p)- conformal for F 
if for every Borel subset U of a connected component W of D we have 



implies that — toln|-F'| — P(to)m defines a summable Holder potential on 
the symbolic space associated to F. Furthermore, by Theorem 3.2.3 and 
Proposition 4.2.5 of [M U03] it follows that the induced map F admits a 
non-atomic (to, P(£o))-conformal measure supported on J(F). Therefore the 
assertions in Theorem [A] about conformal measures are a direct consequence 
of Proposition 14.11 and of the following proposition. 

Proposition 4.3. Let F be the canonical induced map associated to a 
pleasant couple (V, V) for f that satisfies property (*). Then for every 
t G (t_,+oo) and p £ [P(i), +oo), each (t,p)- conformal measure of F is 
in fact (t, P(t))- conformal, and it is the restriction to V of a non-atomic 
(t,p) -conformal measure of f supported on J CO n(/)- 

Proof. The proof of this proposition is a straight forward generalization of 
that of [PRL071 Proposition B.2]. We will only give a sketch of the proof 
here. 

Since t > t- there is a (t, P(t))-conformal measure fx for / whose topolog- 
ical support is equal to the whole Julia set of / (Proposition 12. 2j ). Let £y 
be the collection of connected components of C \ K(V). Notice that for 
each W € £y we have fi(W) ~ exp(— mw-P(i)) diam(Vy)*, for an implicit 
constant independent of W. 

Let [i be a (£,p)-conformal measure for F. For each W G £y denote 
by 4>w : V c<yW ^ — > W the inverse of f mw \^, and let nw be the measure 
supported on W, defined by 




In view of [MU031 Proposition 2.1.9], the hypothesis that 

P(F, -t In - P(io)m) = &(t ,P(t )) = 
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Clearly the measure Y2we£ is supported on J CO n(/)) non-atomic, and 
for each W € £y we have /iw(C) ~ exp(— mwp) diamfW)*. Since we also 
have /2(W) ~ exp(— m^P(t)) diam(VF) t , and p > -P(i), it follows that the 
measure ^we-Cy * s nm t e - I n view of Proposition 14.11 to complete we 
just need to show that Ylw€£ v is (i,p)-sub-conformal for /. The proof 
of this fact is similar to what was done in [PRL071 Proposition B.2]. □ 

4.3. Equilibrium state. The following are crucial estimates. 

Lemma 4.4. Suppose that the pressure function @> %$ finite on a neigh- 
borhood of (t,p) = (to,P(to)) and that it vanishes at this point. If ft is 
the unique (to, P(to))-conformal measure of F , then the following properties 
hold. 

1. For every (t,p) £ M 2 and 7 > 



J |tln \F'\ +pm\ 1 dfi < 



-00. 



2. There is £q > such that for every sufficiently large integer n we 
have 



/i(W) < exp(-e ")- 

W connecte 

In particular 



W connected component of D 
m w >n 



y~] m W fi(W) < +00. 

W connected component of D 

We have stated part 1 for every (t,p) E M 2 , although we will only use it 
for (t,p) close to (to,po). 

Proof. Since the function is finite on a neighborhood of (t, p) = (to, P(to)), 
there is e > such that &>(t - e , P(t ) - e ) < +00. By [MU031 Propo- 
sition 2.1.9] this implies that, 

Y exp(-(P(t )-£ )m w ) sup{|F'(z)|-( to - £ °) | z £ W} < +00. 

Wconnectcd component of D 

As for each connected component W of D we have 

KW) < Coexp(-P(t )m H /)sup{|F / (z)r* | z G W}, 
we obtain the conclusion of part 1 holds for each (t,p) 6 M 2 and that 

C\ := ^2 fJ-(W) exp(eomw) < +00. 

W connected component of D 

So for each n > 1 we have 

exp( £o? i) Y, ^ C i- 

W connected component of D 

This proves part 2 of the lemma. □ 
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Existence. It follows from standard considerations that F has an invariant 
measure p that is absolutely continuous with respect to the (to, P(to))-conformal 
measure p of F, and that the density of p with respect to p is bounded from 
below by a strictly positive constant almost everywhere. This result can 
be found for example in [Gou04^ §1], by observing that F\j^ is a "Gibbs- 
Markov map" . For a proof in a setting closer to ours, but that only applies 
to the case when V is connected, see [MU031 §6]. 
The measure 

m w — 1 

p-= H f*p\ w 

^connected component of D j=0 

is easily seen to be invariant by / and part 2 of Lemma 14.41 implies that it 
is finite. Furthermore this measure is absolutely continuous with respect to 
the (to, -P(io))-conformal measure p of /, and its density is bounded from 
below by a strictly positive constant on a subset of V of full measure with 
respect to p, = p\y. It follows from the locally eventually onto property of 
Julia sets that the density of p with respect to p is bounded from below by 
a strictly positive constant almost everywhere; see for example [PRL071 §8] 
for details. As p is ergodic (Proposition 14. ip it follows that p is also ergodic. 

We will show now that the probability measure p proportional to p is an 
equilibrium state of / for the potential — tohi|/'|. We first observe that by 
part 1 of Lemma l4.4l and [MU031 Theorem 2.2.9] the measure p is an equilib- 
rium state of F for the potential — to In \F'\ — P(to)m, see also Remark 13.41 
That is, we have 



P(F, -t In \F'\ - P(to)m) = h p (F) - J t In \F'\ + P(t 



m dp, 



which is equal to by hypothesis. By the generalized Abramov's for- 
mula |Zwe05t Theorem 5.1], we have h p {F) = hp(f)p(C), and by definition 
of p we have J mdp = /9(C). We thus obtain, 



h~ p {f) = (piC))-%(F) = (p(C)r 1 J t \n\F'\+P(t )mdp 

= (p(C)y l t J ln\f'\dp + P(t )=t J ln\f'\dp + P(t ). 

This shows that p is an equilibrium state of / for the potential —to In \f'\. 

Uniqueness. In view of [Dob081 Theorem 8], we just need to show that the 
Lyapunov exponent of each equilibrium state of / for the potential —to In \ f'\ 
is strictly positive; see also |Led84j . 

Let p' be an equilibrium state of / for the potential — toln|/'|. If / 
satisfies the Topological Collet-Eckmann Condition then it follows that the 
Lyapunov exponent of J>' is strictly positive, as in this case we have Xmi > 0. 
Otherwise we have Xinf = 0, and then -P(to) > by Proposition 12. 1[ It thus 
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follows that hpt(f) > 0, and therefore that the Lyapunov exponent of p' is 
strictly positive by Ruelle's inequality. 

Statistical properties. When F satisfies the conclusions of Lemma 13.31 the 
statistical properties of p can be deduced from the tail estimate given by 
part 2 of Lemma [4 .41 using Young's results in [You99] . In the case when there 
is only one critical point in the Julia set one can apply these results directly, 
and in the general case one needs to consider the first return map of F to the 
set V c , where c is the critical point given by the conclusion of Lemma 13.31 
as it was done in [PRL071 §8.2]. In the general case one could also apply 
directly the generalization of Young's result given in [Gou04t Theoreme 2.3.6 
and Remarque 2.3.7]. We omit the standard details. 

4.4. Analyticity of the pressure function. By hypothesis for each t close 
to to we have &(t,P(t)) = 0. Since the function 3? is real analytic on a 
neighborhood of (to,P(to)) (Lemma I3.8|) . by the implicit function theorem 
it is enough to check that -jL^\(t ,P{to)) 0- By part 1 of Lemma [4.41 
and [MU031 Proposition 2.6.13] this last number is equal to the integral of 
the (strictly negative) function — m against p, see also Remark 13. 4[ It is 
therefore strictly negative. 

5. Whitney decomposition of a pull-back 

The purpose of this section is to introduce a Whitney type decomposition 
of a given pull-back of a pleasant couple. It is used to prove the key estimates 
in the next section. 

5.1. Dyadic squares. Fix a square root i of — 1 in C and identify C with 
R © £R. For integers j, k and £, the set 



x + iy\x£ 



j j'+i 



; y £ 



r k k+xi \ 
[ 2 e ) ~W\ J 



will be called dyadic square. Note that two dyadic squares are either nested 
or have disjoint interiors. We define a quarter of a dyadic square Q as one 
of the four dyadic squares contained in Q and whose side length is one half 
of that of Q. 

Given a dyadic square Q, denote by Q the open square having the same 
center as Q, sides parallel to that of Q, and length twice as that of Q. Note 
in particular that for each dyadic square Q the set Q \ Q is an annulus whose 
modulus is independent of Q; we denote this number by mi. 

5.2. Primitive squares. Let / be a rational map of degree at least two. 
We fix n > sufficiently small so that for each critical value v of / in the 
Julia set of / there is a univalent map (p v : B(v, 9rr) — > C whose distortion 
is bounded by 2. 

We say that a subset Q of C is a primitive square, if there is v € CV(/) fl 
J(f) such that Q is contained in the domain of tp v , such that (p v (Q) is a 

dyadic square, and such that (p v {Q) is contained in the image of ip v . In this 
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case we put v(Q) := v and Q := tp v 1 yp v {Q)J- We say that a primitive 

square Qo is a quarter of a primitive square Q, if Qq C Q and if f v (Q)(Qo) 
is a quarter of (f v (Q)(Q)- Note that each primitive square has precisely four 
quarters. Furthermore, each primitive square Q contained in B(CY, r\) is 
contained in a primitive square Q' such that Q is a quarter of Q' . 

Definition 5.1. Fix A G (0, ri). The Whitney decomposition associated 
to (the complement of) a subset F of C is the collection W(F) of all those 
primitive squares Q such that diam(Q) < A, Q n F = 0, and that are 
maximal with these properties. 

By definition two distinct elements of W{F) have disjoint interiors, and 
each point in P(CV(/) n </(/), 9ri) \ F is contained in an element of W(F). 

Lemma 5.2. Zei A G (0,ri) ; and Zei F be a finite subset of C. T/ien i/ie 
following properties hold. 

1. Lei Qo fre a primitive square contained in B(CV(f) n J(f),r\) and 
such that diam(Qo) < A. TVien either Qo is contained in an element 
ofW(F), or it contains an element Q ofW(F) such that 

diam(Q) > i(2 + 3 A /#F)- 1 diam(Qo)- 

2. For eac/i n > 2 the number of those Q G W{F) contained in B(CV(/)n 
J(/),n) and suc/i *fto< diam(Q) G [2~( n+1 ) A, 2" n A] is Zess £/ian 2599(#F). 

Proo/. 

1. Let n > 2 be the least integer such that (2 n - 2) 2 > 9(#F), so that 
2 n < 2 (2 + 3y/#F). Put Q' := <p v (q)(Q ) and denote by £ the side length 
of Q' . For each element a of F in Qo choose a dyadic square Q a whose side 
length equal to 2~ n £o and that contains y> v (Q){ a )- As there are (2 n — 2) 2 
squares of side length equal to 2~ u £q contained in the interior of Q' , and at 
most 9(#F) < (2 n — 2) 2 of them intersect one of the squares [j aeF Q a , we 
conclude that there is at least one square Q' of side length equal to 2~ n £o 
that is contained in the interior Q' and such that V 3 ^?) v^J 1S disjoint 
from F. It follows that the primitive square Q := f^rg-siQ') is contained in 
an element of W(F). As, 

diam(Q) > ±2- n diam(Q ) > |(2 + S^Vf)" 1 diam(Q ), 
the desired assertion follows. 

2. Let Q be an element of W(F) contained in B(CV(f)r\J{f), n), and let Q' 
be a primitive square such that Q is a quarter of Q'. Then either diam(Q') > 
A or Q' intersects F. So, if diam(Q) < |A, then there is a G F contained 
in Q', and therefore diam(Q) > i dist(Q, a). So, if we let n > 2 be an 
integer such that diam(Q) G [2-(™ +1 ) A, 2" n A], then Q C B(a,5 • 2 -n A). 
Since the area of Q is greater than or equal to A diam(Q) 2 > ^4~ n A 2 
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and the area of B(a,5 • 2 n A) is less than 257r4 n A 2 , we conclude that 
there are at most 25 • 32vr(#F) < 2599(#F) elements Q of W{F) satisfying 
diam(Q) G [2~( n+1 ) A, 2~ n A]. □ 

5.3. Univalent squares. For an integer n > we will say that a subset Q 
of C is a univalent square of order n, if there is a primitive square Q' such 
that Q is a connected component of f~^ n+1 \Q'), an d such that is 
univalent on the connected component of f~( n+1 '(Q') containing Q. In this 
case we denote this last set by Q, and note that Q \ Q is an annulus of 
modulus equal to mi. It thus follows that there is a constant Kq > 1 such 
that for every univalent square Q of order n and every j = l,...,n + l, the 
distortion of f 3 on Q is bounded by Kq. 

Let (V",V) be a pleasant couple for / such that f(V) C B(CV(f) n 
J(/),ri). For a pull-back y of V, denote by €(y) the number of those j G 
{0, . . . ,my) such that f J (Y) C V. Moreover, let W{Y) be the collection 
of all those univalent squares Q that are of order my, such that Q C Y, 
such that f mY (Q) intersects V, and that are maximal with these properties. 
Note that for Q G W{Y) we have u(Q) = /(c(y)). By definition every pair 
of distinct elements of W{Y) have disjoint interiors. On the other hand, 
every point in /"^'ly 1 (V C ^ Y ^ \ Crit(/ my+1 ) is contained in a an element 
of W(Y), and for each Q G W{Y) the set Q is disjoint from Crit(/ my+1 ). 

Proposition 5.3. Let f be a rational map of degree at least two and let (V, V) 

be a pleasant couple for f. Then there is a constant Cq > such that for 
every £ G (0, 1) the number of those Q G W(Y) such that 

diam(/ my+1 (Q)) > £diam(/(y c(y) )) 

is less than 

2600deg(//( y ) (Co + iWlog^W+Wlog^r 1 )) ' 
Proof. Put c = c(y) and v = /(c), and let £o G (0, 1) be sufficiently small so 
that for each z £ V c the connected component of f^ 1 (^B(f(z),£a diam(/(y c ))) 

containing z is contained in V c . Put F = f m Y+ l (Y n Crit (f mY+1 )) , 
A := diam(/(y c )) and consider the Whitney decomposition W(F), as 
defined in g5j2 Note that #F < £(Y). 

1. We prove first that for every Q G W(Y) the primitive square f mY+1 (Q) C 
fiy°) C B(v,r\) contains an element Q' of W{F) such that 

diam(Q') > (80VW)) _1 eodiam(/ m >' +1 (Q)) . 

Let Qo be a primitive square contained in f mY+1 {Q) such that 
±£ diam(r^ +1 (Q)) < diam(Q ) < A. 
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By part 1 of Lemma 15.21 there is an element Q' of W{F) that either con- 
tains Qo, or that it is contained in Qq and 



diam(Q') > A 2 + 3 ^f#F) diam(Q ) 



-i 



> ^ 2 + 37#F ^odiam (f mw+ \Q)) • 



As #F < £(Y) and £(Y) > 1, we just need to show that Q' is in fact con- 
tained in f rriY+1 {Q). Suppose by contradiction that this is not the case. 
Then it follows that Q' contains f rriY+1 {Q) strictly. Let Q' be the con- 
nected component of f~( mY+l \Q') containing Q. By definition of £o we 

have that f mY (Q') is contained in V c , so Q' is contained in Y. On the 
other hand f mY (Q') intersects V c , because it contains f mY (Q) and this set 
intersects V c . As by definition of W(F) the set Q' is disjoint from F, it 

follows that f m Y +1 is univalent on Q'. Thus, by definition of W(Y), the 
univalent square Q' is contained in an element of W(Y). But Q £ W(Y) is 
strictly contained in Q', so we get a contradiction. This shows that Q' is in 
fact contained in f mY+1 (Q) and completes the proof of the assertion. 

2. For each Q £ W(Y) choose an element Q' of W{F) satisfying the property 
described in part 1. Note that for each Q' Q £ W(F) the number of those Q £ 
W(Y) such that Q' = Q' is less than or equal to deg(/)^ y ). As the area of 
a primitive square Q' is greater than or equal to | diam(Q') 2 , it follows that 
for each £ £ (0, 1) the number of those Q £ W(Y) satisfying diam(Q') > 
£ diam(/(t^ c )) is less than or equal to 87r£~ 2 deg(/)^ y ). 

Let £ £ (0, j£o) be given and let no be the least integer n > 2 such 
that £ > 2- n 80 v / ^F)> so that £ < 2~( n °~ 1 '> 80^/1(7). If Q £ W{Y) is such 
that diam (f mY+1 (Q)) > £diam(y c ), then we have 

diam(Q') > (80y/I(Y)) ~ £ diam (/ my+1 (Q)) > 2- n °£ diam(y c ). 



So part 2 of Lemma [5.21 implies that for each n > 2 the number of those Q £ 
^(y) such that 

diam(Q') £ [2-(" +1 )£ diam(/(y c )),2-^ diam(/(y c )) _ 

is less than 2599(#F) deg(/)^ y ) < 2599l(Y) deg( f)^ Y \ So we conclude 
that the number of those Q £ W{Y) such that diam (f mY+1 (Q)) > £ diam(F c ) 
is less than 

deg(/)^ (87T(i£ )- 2 + (no - 2)2599^)) 
< deg(/)^ (8vr(ie )" 2 + 2599^(y) (log^" 1 ) + log 2 (80) + \ log 2 (^(Y)))) . 
This completes the proof of the lemma. □ 
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6. The contribution of a pull-back 

Fix a rational map / of degree at least two, and a pleasant couple (V, V) 
for /. Recall that £y is the collection of all the connected components 
of C \ K(V) and that for a pull-back Y of V we denote by Dy the collection 
of all the pull-backs W of V that are contained in Y, such that f mY (W) C V, 
such that f m Y +1 is univalent on W and such that f m Y +1 (W) G £y; see $T51 
Furthermore, we denote by £(Y) the number of those j € {0, . . . , my} such 
that f(Y) C V. 

The purpose of this section is to prove the following. 

Proposition 6.1 (Key estimates). Let f be a rational map of degree at least 
two that is expanding away from critical points. Then for each sufficiently 
small pleasant couple (V, V) for f the following properties hold. 

1. For every to G R ; and every (t,p) £ K 2 sufficiently close to (to, P(to)), 
we have 

(6.1) ^2 ex P( — P m w) diam(W)* < +oo. 

w&st v 

2. Let be such that (|6.1j) holds and such that 

p > max{-tXinf, -*Xsup}- 
Then for every e > such that 

\t\e <p- max{-txinf, -*Xsu P }, 

there is a constant C\ > such that for each pull-back Y of V we 
have 

^2 ex P( — V m w) diam(VF)* 

< Ci(deg(/) + l) e{Y) exp (-m Y (p - max{-ty inf , -tXsup} - \t\e)) ■ 

The prove this proposition we start with the following lemma. 

Lemma 6.2. Let f be a rational map that is expanding away from critical 
points. Then for every compact and forward invariant subset K of the Julia 
set of f that is disjoint from the critical points of f and every t > we have 

P(f\ K ,-t\n\f'\)<P(t). 

Proof. By hypothesis / is uniformly expanding on K. Enlarging K if neces- 
sary we may assume that the restriction of / to K admits a Markov partition, 
see [PU021 Theorem 3.5.2 and Remark 3.5.3] so that there is at least one 
equilibrium state \x for f\x with potential — iln|/'|. 

We enlarge K with more cylinders to obtain a compact forward invariant 
subset K' of </(/), so that / restricted to K' admits a Markov partition and 



**An analogous result in the case of diffeomorphisms is shown in [Fis06 . 
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so that the relative interior of K in K' is empty. It follows that fj, cannot 
be an equilibrium measure for f\x : for the potential —tin |/'|, so we have 

P(f\ K ,-tln\f\) = h fl (f)-t [ \n\f'\d^<P(f\ K ,,-thi\f'\)<P(t). 

JK 

□ 

To prove Proposition 16.11 let / be a rational map of degree at least two, 
and let (V, V) be a pleasant couple for /. We will define a constant ro > 
as follows. If Xinf = we put ro = dist(<9V, Crit(/) n «/(/))■ Suppose 
that Xinf > 0. Then by [PRLS03, Main Theorem] there exists r' > such 
that for every zq in J(f), every e > 0, every sufficiently large integer n, and 
every connected component W of f~ n (B(zo,r' )), we have 

diam(W) < exp(-n(xi n f - e))- 

Then we put r = min{r , dist(dV, Crit(/) n J(/))}. 

Given a subset Q of C we define uq E {0, 1, . . . , +00} as follows. If 
there are infinitely many integers n such that diam(/ n (Q)) < ro, then we 
put uq = +00. Otherwise we let uq be the largest integer n > such 
that diam(/ n (Q)) < r . 

Lemma 6.3. Let f be a rational map of degree at least two. Then for every 
e > there is a constant C(e) > 1 such that for each connected subset Q 
of C that intersects the Julia set of f we have, 

C(e)~ 1 exp(-n Q (xsup + e)) < diam(Q) < C(e) exp(-n Q (xi n f - e)) 

Proof. The inequality on the right holds trivially when Xinf = 0, and when 
Xinf > it is given by the definition of ro > 0. The inequality on the left is 
a direct consequence of part 2 of Proposition 12.31 □ 

Proof of Proposition \6.1\ Let r\ > be as in the definition of primitive 
squares in §5.2[ and let (V, V) be a pleasant couple for / such that f{V) C 
B(CV(f) n J(/),n). Furthermore, let A\ > and K\ > 1 be given by 
Koebe Distortion Theorem in such a way that for each pull-back W of V 
such that f mw is univalent on W we have diam(M^) < A\ dist(W, dW), and 
such that for each j = 1, . . . ,mw the distortion of f 3 on W is bounded 
by K X . 

1. Note that it is enough to show that there are t < to an d p < P(to) for 
which (16. ip holds. 

Let V' be a sufficiently small neighborhood of Crit(/) n J(f) contained 
in V, so that for each c G Crit(/) fl J(f) the set 

K' = {z G J{f) I for every n > 0, f n {z) V'} 

intersects V c . By Lemma l6.2l we have P( f\ w>. —tn In \f'\) < P(to). Lett < to 
and p < P(to) be sufficiently close to to and P(to), respectively, so that 
p>P(/|^,-tln|/'|). 
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For each c G Crit(/) n «/(/) choose a point z(c) in if' n F c . Given a 
univalent pull-back W of V let zvk be the unique point in f~ mw (z(c(W))) 
contained in W. Note that when W G £y we have zw G K'. On the 
other hand, there is a distortion constant C > such that for each pull- 
back W of V such that f mw maps a neighborhood of W univalently onto a 
component of V c , we have diam(VF) < C\(f mw )'(zw)\~ 1 - 

Since by hypothesis the restriction of / to K' is uniformly expanding, we 
have 

hmsupiin ]r icnwr* 

mw=n 

<limsup±ln ]T £ KD'^r* 

ceCrit(/)nJ(/) *eir'n/-»(*(c)) 

<P(/| K ,,-iln|/'l), 

hence 

C2 := exp(— m^p) diam(W)* 

< £ exp(- ? n iy p)|(/ m ^y(z iy )|- t <+oo. 

2.1. Put 

C 3 := min{dist(z(c),ay c )/diam(y c ) | c G Crit(/) n J(/)} 

and observe that for each pull-back W' of V such that W is a univalent 
pull-back of V, we have dist(zw',dW) > C^K^ 1 diam(W'). We will show 
that for each pull-back Y of V, for each Q G 5^(Y"), and each W G 2)y such 
that zw G Q, we have 

diam(/ my+1 (W)) < 8C£ 1 K x diam(f mY+1 (Q)) . 

Put Q' = f mY+1 (Q) and TV 7 = f niY+1 (W), and suppose by contradiction 
that diam(W') > ZC^Kx diam(Q')- Observe that Q' is a primitive square 
contained in B(f(c(Y)),n) and that W' G £y. So there is a primitive 
square such that Q' is a quarter of Q' . We have 

diam^o) < 8diam(Q') < C 3 K^ diam(W') < dist(z w ,,dW'). 

Since by hypothesis zw G Q, we have zjy' = f my+1 ( z w) G Q' C Q' , 
so the last inequality implies that Q' C W. But f m Y+ 1 [ s univalent 
on W, so the connected component Qo of /~( my+1 ) (Q ) containing Q is a 
univalent square of order my satisfying Qo C Y, that contains Q strictly. 
This contradicts the hypothesis that Q G W{Y). 
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2.2. We will now show that there is a constant C4 > such that for each 
pull-back Y of V and each Q G W(Y) we have 

(6.2) exp(— pmw) diam(VF)* < C4 exp(— puq) diam(Q)*. 

Let Y be a pull-back of V and let Q G W{Y). Put Q' = / my+1 (Q), and 
let B be a ball whose center belongs to Q' and of radius equal to (SC^-ftTi + 
1) diam(Q / ). By part 2.1, for each W G Dy such that z\y G Q we have 
r +1 (f) C £. Since the distortion of f my+1 is bounded by K on Q, and 
by K\ on each element of H)y, we obtain, 

exp(— pmw) diam(VF)* 

• exp(— pm\y>) diamiW'y. 

W'CB 

If there is no W G Sy such that z\y G Q, then there is nothing to 
prove. So we assume that there is an element Wq of £>y such that zw G Q. 
Then Q', and hence B, intersects K', as it contains the point Zjm Y +iny y 
Since by hypothesis the restriction of / to K' is uniformly expanding, there 
is no > independent of Y, such that uqi < tib + riQ and such that there is 
an integer n' B > satisfying \n' B — tib\ < no, such that f n B is univalent on B 
and has distortion bounded by 2 on this set. We have \uqi — n' B \ < 2no, so 
there is a constant C5 > independent of B such that diam(/ n s(_B)) > C 5 . 
So, if we put 

C 6 := exp(|p|2n ) {2C^ 1 2{%C^K 1 + l)) 1 ' 1 C 2 , 

then we have 

y~] exp(— pm^/) diam(VF')* 

< exp(-pn / B )2l'l f — • £ exp(-pm^)diam(^")* 
Vdiam(/ n s( J B))y 

iy"c/ n s (_B) 

< exp(-pn Q /)exp(-|p|2n )(2C 5 " 1 ) l<l diam^)*^ 

< 6*6 exp(— priqi) diam(Q')*. 

Inequality (16.2P with constant C4 := (^(i^o^i)'*' > is then a direct conse- 
quence of the last two displayed (chains of) inequalities. 



THERMODYNAMICS OF RATIONAL MAPS 35 

2.3. We will now complete the proof of the proposition. For each Q G W(Y) 
put Q' := f mY+1 (Q). Let Q G 5T(Y) be such that there is ^ e Sy 
satisfying z^F G Q. As this last point is in the Julia set of /, by Lemma 16.31 
we have 

diam(Q)* < C(e) 1 * 1 exp (nQ(max{-tx sup , -*Xinf} + • 
Since the elements of W{Y) cover Y \ Crit (/ my+1 ), if we put 
7 := exp(-p + max{-tXsu P , -*Xinf} + G (0, 1), 
then by summing over Q G W(Y) in (|6.2p we obtain 

exp(— pmw) diam(VF)* 

lyeDy 

<C 4 C(e) ^ 7 n « = C 4 C Y (e) 7 my+1 7 n «'. 

Qe^(Y) Qg^(y) 
QnJ(/)^0 QnJ(/)^0 

To estimate this last number, observe that by Lemma l6.3( for each Q G 
>^(Y) intersecting the Julia set of / we have 

diam(<2') > C(e)" 1 exp(-?iQ/(x sup + e))- 

In 2 

So, if we put 7 = 7X S u P + £) c 7 = ^-iog 2 C(e)-log 2 diam(V<=C y )) and for each 
Q G we put f(Q') = diam(Q / )/diam(H y )), then we have 7 n «' < 

CV7~ log2 ^ ). So Proposition 15.31 implies that, 



QnJ(/)^0 QnJ(/)^0 



< 



2600C 7 deg(/)^ y ) Co + ^(F) log 2 £(Y) + £(y) £ j n . 

V n=0 / 

This completes the proof of the proposition. □ 



7. Proof of the Main Theorem 



The purpose of this section is to prove the following version of the Main 
Theorem for pleasant couples. Recall that each nice couple is pleasant and 
satisfies property (*), see £ )3.4i 

Theorem B. Let f be a rational map of degree at least two that is expanding 
away from critical points, and that has arbitrarily small pleasant couples 
having property (*). Then following properties hold. 

Analyticity of the pressure function: The pressure function of f 
is real analytic on (t—,t+), and linear with slope — Xsup(f) (resp. 
-Xinf(f)) on (-°o,M (resp. [t+,+oo)). 
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Equilibrium states: For each to E there is a unique equilib- 

rium state of f for the potential — to In \ f \ ■ Furthermore this measure 
is ergodic and mixing. 

Throughout the rest of this section we fix a rational map / and to E 
(<_,<+) as in the statement of the theorem. Recall that by Proposition 12.11 
we have P(t ) > max{-t Xinf, -^oXsup}- Put 

70 := exp (-±(P(i ) - max{-t Xinf, -^oXsup})) E (0, 1), 
and choose L > sufficiently large so that 

(7.1) (2Ldeg(/)(deg(/) + l)#(Crit(/) D J(/))) 1/L 7o < 1. 

Let (V, V) be a pleasant couple for / that is sufficiently small so that for each 
£ E {1, . . . , L} the set f e (Cvit(f) n J{f)) is disjoint from V (recall that our 
standing convention is that no critical point of / in its Julia set is mapped to 
a critical point under forward iteration.) We assume furthermore that (V, V) 
has property (*). By Lemma 13.61 it follows that for each integer n > 1 and 
each zq E V the number of bad iterated pre-images of zq of order n is at 
most 

(2Ldeg(/)#(Crit(/)n J(/))) n/L 

and that the number of bad pull-backs of V of order n is at most 

#(Crit(/) n J(/))(2Ldeg(/)#(Crit(/) n J(/))) n/L . 

We show in §7.11 that the pressure function of the canonical induced 
map associated to (V, V), defined in §3.41 is finite on a neighborhood of (t,p) = 
(to,po). In §7.21 we show that for each t close to to th e function & vanishes 
at (t,p) = (t,P(t)). Then Theorem IE1 follows from Theorem Rl 

7.1. The function & is finite on a neighborhood of (t,p) = (to, P(to)). 
By the considerations in ^3.4| to show that 9* is finite on a neighborhood 
of (t,p) = (to,Po) we just need to show that there are t < to and p < P(to) 
such that 

(7.2) ^2 exp(-pmiy) diam(VF)* < +oo. 

Let t < to and p < P(to) be given by part 1 of Proposition 16.11 Taking t 
and p closer to to and -P(to), respectively, we assume that there is e > 
sufficiently small so that 

p - max{-tXinf, -tXsnp} - \t\e > |(P(*o) ~ max{-t Xinf, -^oXsup}), 
and put 

7 := exp(-p + max{-txinf , -^Xsup} + |*|e) E (0, 70). 
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For each c G Crit(/)nJ(/) we have, by applying part 2 of Proposition UTTl 
to Y = V c , 

(7.3) exp{-pm w ) diam(W)* < Ci(deg(/) + 1). 

Since for each pull-back Y of V we have £(Y) < n/L + 1, using part 2 of 
Proposition O again and letting C 2 = Ci(deg(/) + l)#(Crit(/) n J(/)) we 
obtain 

exp(— pmjy) diam(VF)* 

y bad pull-back of V WeT) Y 

< d £ (deg(/) + l) £ ( y ) 

Y bad pull-back of V 



-oc 



n=l 



< C 2 ^ ((2Ldeg(/)(deg(/) + l)#(Crit(/) n JC/))) 1 ^ • 7 



As 7 G (0,70), we have by (|7.ip that the sum above is finite. Then (|7.2 
follows from (17.31) and Lemma I3~ 



7.2. For each t close to to we have 8^{t,P{tj) = 0. Recall that for a 
given t G t + ) we have fixed a sufficiently small pleasant couple (V, V), 
and that we denote by 8? the corresponding pressure function defined in §3.41 
Furthermore, in §7.11 we have shown that the function 8 s is finite on a 
neighborhood of (io,P(io))- We will show now that for t close to to the 
function 8 s vanishes at (t,P(t)), thus completing the proof of Theorem [Bj 
In view of Lemma 13.81 we just need to show that for each t close to to we 
have 8^(t,P(t)) > 0. Suppose by contradiction that in each neighborhood 
of to we can find t such that 8?(t,P{t)) < 0. As 8^ is finite on a neigh- 
borhood of (t,p) = (to,P(to)), it follows that 8 s is continuous at this point 
(Lemma I3.8h . Thus there are 

t G (i-,t+) andp G (max{-txinf, -*Xsu P }, P(t)), 

such that &(t,p) < 0, and such that the conclusion of part 1 of Proposi- 
tion [6J] holds for these values of t and p. However, this contradicts following 
lemma. 

Lemma 7.1. Let t G (t_,t+) and p > min{— txmi > ~~ *Xsup} fre suc/i £/ia£ 
8^(t,p) < and suc/i #iai i/ie conclusion of part 1 of Proposition fOI foo/rfs 
/or t/iese values of t and p. Then p > P(t). 



Proof. Fix zo £ V such that all, (|2T|) . (1231) . and $23]) hold. To prove the 
lemma we just need to show that 

+00 

^exp(-pn) l(D'(y)r* <+oo. 

n=i yef- n M 
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1. Given an integer n > 1 an element y G / 11 (V) is a univalent iterated 
pre-image of order n if the pull-back of V by f n containing y is univalent. 
Recall that for an integer n > 1 an element y of f~ n (V) is a bad iterated 
pre-image of zq of order n if for every j G {1, . . . , n} such that G V 
the pull-back of V by / n containing y is not univalent. 

For y £ f~ n (zo) there are three cases: y is univalent, bad, or there is 
m € {1, . . . , n — 1} such that f m (y) G V, such that f m (y) is a bad iterated 
pre-image of zo of order n — m and such that y is a univalent iterated pre- 
image of f m (y) of order m. In fact, if y G / _n (zo) is not bad, then there 
is m 6 {l,...,n - 1} such that f m {y) G V and such that y is a univalent 
iterated pre-image of f m {y)- If m is the largest integer with this property, 
then there are two cases. Either m = n and then y is a univalent iterated 
pre-image of Zo, or m < n and then f m (y) is a bad iterated pre-image of zq. 

Therefore, if for each w G V we put 

+oo 

C/M := 1 + J>xp(-pn) £ |(n'(y)|-*, 

n=l y£f~ n (u>), univalent 

then we have 

+oo 

(7.4) 1 + Y^eM-pn) £ KD'^r* 
n=l ye/-"(zo) 

= f/(z ) + ^exp(-pn) ]T KD'HI-^H. 

n=l «J6/~"(zo), bad 

As p > max{— tXmt, ~ *Xsup} 5 by Lemma [3761 and (|7.ip it follows that 

+oo 

^exp(-pn) ^ KD'HI"' <+oo. 

n=l wef~ n (z ), bad 

So by (|7.4p . to prove the lemma it is enough to prove that the supremum 
sup„, G y J7 (p, w) is finite. 

2. Denote by Ly the first entry map to V, which is defined on the set of 
points y G C \ V having a good time, by Ly{y) = f mlyy \y)- Note that 
for each wq G V, each integer n > 1 and each univalent iterated pre-image 
y G f~ n {wo) of wo of order n, we have that m{y) < n and that Ly{y) G V is 
a univalent iterated pre-image of wq of order n — m(y). Moreover, note for 
each k > 1, each element of F~ k (wo) is a univalent iterated pre-image of wq. 
Conversely, for each univalent iterated pre-image y of wq there is an integer 
k > 1 such that F fc is defined at y and F k (y) = wo (see §3.2p . Therefore, if 
for £ G V we put 

L(z) := 1 + Yl exp(-p ? n(y))|(/ m ^)'(y)|- t , 
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then we have, 

+00 

(7.5) U(wq) = L(w ) + £ £ exp(-pm(y))|(F fc )'(y)|-'L(y). 

k=l y£F- k (w ) 

Since by hypothesis &(t,p) < 0, for each w E V the double sum 

+00 

T F (w):=Y^ £ exp(-pm( y ))|(F fc )'(y)r', 

is finite. 

On the other hand, since the conclusion of part 1 of Proposition 16.11 holds . 
for each z G V the sum L(z) is finite. By bounded distortion it follows that 

C := supL(z) < +00. 

Thus, by (17. 5|) for each w £ V we have U(p,w) < C'Tp{w) < +00, and 
by bounded distortion sup w£V U(p,w) < +00. This completes the proof of 
the lemma. □ 

Appendix A. Puzzles and nice couples 

This appendix is devoted to showing that several classes of polynomials 
satisfy the conclusions of the Main Theorem. In §A.1I we consider the case 
of at most finitely renormalizable polynomials without indifferent periodic 
points, in §A.2I we consider the case of some infinitely renormalizable qua- 
dratic polynomials, and finally in §A.3I we consider the case of quadratic 
polynomials with real coefficients. 

A.l. At most finitely renormalizable polynomials. The purpose of 
this section is to prove the following result. We thank Weixiao Shen for 
providing the main idea of the proof. 

Theorem C. Every at most finitely renormalizable complex polynomial 
without indifferent periodic points has arbitrarily small nice couples. Fur- 
thermore, these nice couples can be formed by nice sets that are finite unions 
of puzzle pieces. 

See [CL091 Proposition 5] for a somewhat similar result in the case of 
multimodal maps. 

The proof relies on the fundamental result that diameters of puzzles tend 
uniformly to as their depth tends to 00 [KvS09| : see also |QY09| for the 
case when the Julia set is totally disconnected. 

Let / be an at most finitely renormalizable polynomial, and consider the 
puzzle construction described in [KvS09, §2.1]. Given an integer n > we 
denote by T n the collection of all puzzles of depth n, which are by definition 
open sets. For P € T n and p £ P we put P n (p) '■= P- We will assume 
that every critical point of / in J{f) is contained in a puzzle piece. It 
is always possible to do the puzzle construction with this property. This 
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follows from the fact that in each periodic connected component of J(f) 
that is not reduced to a single point, there are infinitely many separating 
periodic points, see for example [LS091 §A.l]. We remark that the main 
technical results of [KvS09| . including the "complex a priori bounds", are 
stated for "complex box mappings" , and they are thus independent of the 
periodic points used to construct the puzzle pieces. 
For z G C put Of(z) = U„>i f n (z), and put 

5 := min {dist (c, C/(c')) | c, d G Crit(/) n J(f), c C/(c')} . 

Let no > 1 be a sufficiently large integer so that the diameter of each puzzle 
piece of depth no is strictly smaller than Sq/2. Furthermore, let n\ > uq 
be a sufficiently large integer such that for each c G Crit(/) n </(/) we have 
P ni (c) C P no (c), and such that for distinct c, d G Crit(/) n </(/) we have 
Pm( c ) n P ni (c') = 0. The following is a straightforward consequence of our 
choice of n\. 

Lemma A.l. For each c,d G Crit(/) D J(f) such that d g" Of(c), and 
each n > 1, m > 1, n' > n\ we have 

f m {dP n {c))c\PAd) = %. 

Given a subset ^ of Crit(/) n J(f) and a function v : — > N we put 

P(zz) := (J P„ (c) (c). 

We will say that v is nice (resp. strictly nice) if for every c 6 ? we have 
i/(c) > ni, and if for every integer m > 1 we have 

/ m (5P(z^)) n P(i/) = (resp. f m {dP{u)) n PR = 0). 

The following lemma is part 2 of Lemma 2.2 of |KvS09| . 

Lemma A. 2. For every recurrent critical point c in J{f) there is a strictly 
nice function defined on {c}. 

Proof. Let Iq > be a sufficiently large integer so that P^ (c) C Po(c), and 
note that for every m > £q the set f m (dP£ (c)) is disjoint from Po(c) by the 
puzzle structure, and hence it is disjoint from Pi (c). 

Define inductively a strictly increasing sequence of integers (lk)k>i as 
follows. Suppose that for some k > the integer is already defined. 
Then we denote by the least integer such that / mfe (c) G P^ fe (c), and 
put 4 + i = 4 + m k . 

Clearly the sequence (4)fc>o is strictly increasing, so diam(P£ fe (c)) — > 
as k — > +oo, and therefore — > +oo as k — > +oo. Let k > 1 be suffi- 
ciently large so that > £q, and so that for every m G {1, . . . ,^o} the 
sets f m {Pi k {c)) and P? fe (c) have disjoint closures. We will show that for 
each m > 1 the set f m (d(Pe k (d))) and Pe k (d) are disjoints, which shows 
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that the function v : {c} — > N defined by u{c) = Ik is strictly nice. Sup- 
pose by contradiction that for some m > 1 the set f m (dPe k (c)) inter- 
sects Pejcj. This implies that f^ +m (dP lk (c)) = f m (dP io (c)) inter- 
sects f k {Pe k (c)) = Pe {c). By our choice of k we have m > £ , so 
we get a contradiction with our choice of n. □ 

For a strictly nice function v : ^ — > N, denote by D v the set of those 
points z £ C for which there is an integer m > 1 such that f m (z) £ P(v), 
and for each z 6 denote by m u {z) the least such integer, and by c u (z) 
the critical point c in ^ such that f m "^ z '{z) € P v ^{c). Furthermore we 
denote by S V :D V ^ P{y) the map defined by S v {z) := f m ^ z \z). 

For a subset ^ of Crit(/) n J(f) we put 

jftg :={c£^ such that O^R H "Jf = 0}. 

For a strictly nice function v defined on < 0> let 3%v : \ — > N be the 
function defined by, 

Mv(c) = v{c v {c)) + m v {c). 

By definition, P@ v {c){ c ) is the pull-back of P u { Cv i c \\(c v (c)) by / m "( c ) contain- 
ing c. 

Now we shall prove the key technical lemma which provides the inductive 
step to construct nice couples starting from the existence of "nice couples" 
around a single recurrent critical point. This procedure resembles the pro- 
cedure to build 'complex box mappings' in |KvS09] or r-nice sets in |CL09t 
Proposition 5] (in the multimodal interval setting). 

Lemma A. 3. For a subset o/Crit(/)nJ(/) the following properties hold. 

1. Let v : c &\ jY<g — > N be a strictly nice function. Then for each suffi- 
ciently large integer n the function v : c € — > N defined by v\cg\j^ = v 
and u~ l {n) = J£g, is strictly nice. 

2. Let v : ^ — > N be strictly nice. Then for each sufficiently large 
integer n > n\ the function v' : ^ — > N defined by (i/) -1 (n) = jY^g, 
and v'\<g\jy<g = £%v is strictly nice, we have P{v') C P(v), and for 
each integer m > 1 we have 

f m {dP{v'))C\P{v) = %. 

3. Let c G Crit(/) n J(f) not in , be such that O f (c) n V + 0. If 
there is a strictly nice function defined on ' , then there is also one 
defined on c to ' U {c}. 

Proof. 

1. Put k = max{i/(c) c £ ? \ > n\, let n > k be a sufficiently 

large integer so that for all c S JY<% we have P n (c) C Pfe(c), and consider 
the function £ defined as in the statement of the lemma for this choice of n. 
Then for each c£^ \ j¥<g and m > 1 we have 

r(dP Hc) (c))npJzj = <t>. 
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On the other hand, since n > k > ni, by Lemma I A. II the same property 
holds for each c G jV<g. 

2. Let n > n\ be a sufficiently large integer such that for all c G JV^ we 
have -P n (c) C -P„( c )(c), and let 1/ be the function defined in the statement of 
the lemma for this choice of n. 

Since v is strictly nice we have Pggvtfo \ jY<g) C P v (^>). So, by our choice 
of n we have P^i^) C P v (^€\ On the other hand, by the definition of £%v 
it follows that for each c G "rf \ and each m > 1 the set f m {dP^ u ^ (c)) 
is disjoint from P [/ ( < ^), and hence from P v t(ff). Finally, by Lemma lA.lj, for 
each c G and each m > 1 the set f m (dP n (c)) is disjoint from P,^), 
and hence from P v i{^€\ 

3. Let z^o : c € — > N be a strictly nice function. By part 2 there is a sequence 
of strictly nice functions (v k ) k >i defined on 'if, such that for each k > 1 we 
have v k \cg\j^ = Mv k _ x , and P(v k ) C P(v k _ x ). 

Put L = #Crit(/) H J(/), and let c be the critical point defined as 
followslll If <^ L (c) G" then put c := c, := $ VL {c), and £ = 0. Otherwise 
we let I G {1, . . . , L} be the largest integer such that for all j G {0, ... , t — 1} 
we have 

^_,°...o^(c)G^, 

and then put 

c := ^ L _ (f _ 1} o • • • o S VL (c), and ?) := ^_ f (c). 

By definition we have v G P(vl-i), but v ^ ^ . Let > L — £ be the 
largest integer such that ?) G P(z^c), and note that m Uk (c) = m UL _ e (c), 
and c^c) = c UL _ e (c). 

Put 

n := ^(c i , fe (u))+m^(u) +m Uh (c), 
so that P ft (c) is the pull-back of P{v k ) by /™- fc ( e ) containing c. 

3.1. We will show now that for every m > 1 the set f m (dPn(c)) is disjoint 
from P(z^_|_i). We will use several times the fact that v k is strictly nice. By 
definition of h the image of Ph(c) by f m "k ( v )+ m "k ( c ) is a connected component 
of P(v k ). So for each m > m Uk (v) + m Uk (c) the set f m (dPn(c)) is disjoint 
from P{u k ), and hence from P(z^ + i ). Since ({>) is the first entry time of v 
to P{u k ), it follows that the same property holds for each m G {m Vk {c) + 
1, . . . ,m Uk (v) + m Uk (c) — 1}. On the other hand, by definition of n the 
set f niv k^ '(P fl (c)) is the pull-back of P{v k ) by f m "k^) containing v, and 
by definition of k we have £ G P(ffc) \ P(i^+i). As Z/& is strictly nice, 
it follows that the sets f mVk<yC \Ph{c)) and P(u k+ i) have disjoint closures. 
Finally, since m Uk (c) is the first entry time of c to P(v k ), it follows that for 
all m G {1, ... ,m Uk (c) — 1} the sets / m (Pn(c)) and P(Vfc+i) have disjoint 
closures. 



^The proof of this part is simpler in the case when the forward orbit of c is disjoint 
from Crit(/). We advise to restrict to this case on a first reading, taking L — and c — c. 
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3.2. We will show now that for each integer m > 1 the set f m {dP{uk+i)) 
is disjoint from P^(c). Suppose by contradiction that there is an inte- 
ger m > 1 and c G ^ such that f m (dP Vk+1 ^(c)) intersects Pfl(c). Then the 
set f m ^ )+m \dP Vk+l{c) {c)) intersects the closure of f m »^ (P A (c)). This 
last set is a first return domain of P(vk), and it is thus compactly con- 
tained in the open set -P(ffc), because is strictly nice. We conclude 
that the set / m " fc(£)+m (dP Vfc+l(c )(c)) intersects intersects the open set P{vk)- 
However, this contradicts the fact that P v fc+1 ( c )( c ) is a first return domain 
ofP(yk). 

3.3. If c = c, then the properties shown in parts 3.1 and 3.2 imply that the 
function v : & U {c} — > N defined by u(c) = n and v\^g = Vk+i is strictly 
nice. 

If c c, then we let m be the integer such that f m (c) = <%'u L _ {e _ 1) o ■ ■ ■ o 
<#5, L (c), so that Pn + fh{c) is the pull-back of Pfi(c) by o •■■ o 

Then we define v : U {c} — >• N by i>(c) = n + rh, and = Vk+e- The 
properties shown in parts 3.1 and 3.2 imply that v is strictly nice. □ 

Proof of Theorem [0 In view of part 2 of Lemma IA.3I it is enough to show 
that there is a strictly nice function defined in all of Crit(/) n </(/). 

Let us say a critical point c G Crit(/)nJ(/) is corresponded if for each c' G 
Crit(/)n J(/) such that c' G 0/(c) we have c G Of{d). Denote by % the set 
of corresponded critical points in J(f). Note that for each critical point c 
in J(f) that is not corresponded, the set C/(c) intersects "^o- So, using 
part 3 of Lemma IA.3I inductively, it follows that to show the existence of a 
strictly nice function defined in all of Crit(/) n J(f) it is enough to show 
the existence of a strictly nice function defined on ^o- 

Let ~ be the relation on "^o defined by c ~ d if c = c' or c G Of(d). It 
follows from the definition of that ~ is an equivalence relation. Let 
be a subset of containing a unique element in each equivalence class 
of ~. Thus for each c £ ?o the set Of(c) intersects ^i. Using part 3 of 
Lemma IA.3I inductively it follows that to show that there is a strictly nice 
function defined on it is enough to show that there is one defined on c &\. 

By definition of for each c G the set Of(c) is disjoint from ^\ \ {c}. 
Thus the set j¥<g defined as in the statement of Lemma IA.3I for c & = c €\ , is 
equal to the set of those c G such that c g" Of(c). Equivalently, ,J/^ is 
the set of those non-recurrent critical points in c €\. Thus, by part 1 of this 
lemma we just need to show that there is a strictly nice function defined 
on<T 2 :=V 1 \J' Vl . 

For each c G ^2 let v c be a strictly nice function defined on {c}, given by 
Lemma [A.2I Let v : ^2 - > N be defined for each c E ^2 by z/(c) = f c (c). As 
for each c G ^2 we have C/(c)n (^2\{c}) = 0, by Lemma fA. II the function v 
is strictly nice. This completes the proof of the theorem. □ 
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A. 2. Infinitely renormalizable quadratic maps. The purpose of this 
section is to show that each infinitely renormalizable polynomial or polynomial- 
like map whose small critical Julia sets converge to satisfy the hypotheses 
of Theorem [Bl This includes the case of infinitely renormalizable quadratic 
maps with a priori bounds; see [KL081 IMcM94| and references therein for 
results on a priori bounds. 

The post-critical set of a rational map / is by definition 

p(f) ■■= U / n ( Crit (/))- 

71=1 

If / is an infinitely renormalizable quadratic-like map, then P(f) does not 
contain pre-periodic pionts }McM94l Theorem 8.1]. 

Lemma A. 4. Let f be a rational map and let V be a nice set for f such 
that dV is disjoint from the post-critical set of f. Then for every neighbor- 
hood V of V there is V C V such that (V, V) is a pleasant couple. 

Proof. We will assume that P(f) contains at least three points; otherwise / 
is conjugated to a power map |McM94( Theorem 3.4] and then the assertion 
is vacuously true. We will denote by disth yp the hyperbolic distance on C \ 
P(f) and by ||/'|| the derivative of / with respect to it. Then by Schwarz 
lemma we have ||/'|| > 1 on C \ (c/., |McM94l Theorem 3.5]). 

Furthermore, for z € C \ P{f) and r > we denote by B^y P (z,r) the ball 
corresponding to the hyperbolic metric on C \ P(f). 

Let e > be sufficiently small such that P>h yp (dV, 2s) C V and put 

V :=VUB hyp (dV,e). 

By construction V is a neighborhood of V in C and the set V \ V is dis- 
joint from P(f). So for each pull-back W of V the set W \ W is disjoint 
from Crit(/). We thus have W n Crit(/) = when W n V = 0. On the 
other hand, since ||/'|| > 1 on C \ /~ 1 (-P(/)), when W C V we have 

dist hyp (dW,V\ P(f)) < dist hyp (dW, d W) < dist hyp (dV, dV) < e. 

Hence W C V. This shows that (V, V) is a pleasant couple for /. □ 

In what follows we shall use some terminology of [McM94 and [XL 08, 
§2.4, Appendix A]. 

Proposition A. 5. Let f be an infinitely renormalizable quadratic-like map 
for which the diameters of small critical Julia sets converge to 0. Then f 
is expanding away from critical points and has arbitrarily small pleasant 
couples having property (*). Jn particular the conclusions of Theorem O 
hold for f. 

Proof. We will show that there are arbitrarily small puzzles containing the 
critical point whose boundaries are disjoint from the post-critical set. Then 
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Lemma lA.41 implies that there are arbitrarily small pleasant couples. That 
each of these pleasant couples satisfies property (*) is a repetition of the 
proof of [MU031 Lemma 4.2.6], using the fact that each puzzle is a quasi- 
disk and thus that it has the "cone property" of [MU031 §4.2] with "twisted 
angles" . 

Let SlZ(f) be the set of all integers n > 2 such that f n is simply renor- 
malizable and let J n be the corresponding critical small Julia set. Then J n 
is decreasing with n. For each k > 1 we denote by m(k) the k-th. element 
of SK{f). 

We consider the usual puzzle construction with the a- fixed point of /. 
Then for each £ > 1 there is a puzzle of depth £, that we denote by Pg, 
whose closure contains J m t\) ■ We have Pi = ^m(i) • More generally, by 
induction it can be shown that if for a given s > 1 we consider the puzzle 
construction with the a-fixed points of the renormalizations of f m ^\ f m ^ 2 \ 
. . . , f m ( s ) ; then for each £ > 1 there is a puzzle of depth £ that contains J m i s -\ ■ 
We will denote it by P s ^. Thus P s j is bounded by a finite number of arcs in 
an equipotential line and by the closure of some pre-images of external rays 
landing at the a-fixed points of the renormalizations of f™^', f m ^ 2 \ ■ ■ ■ , 
f m ( s ). In particular the intersection of dP s ^ with the Julia set is a finite 
set of pre-periodic points and it is thus disjoint from P(f) by |McM94[ 
Theorem 8.1]. Furthermore we have 

+oo 

Pi P s ,e = J m { s ) 

£=1 

and hence 

lim lim diam(P s £ ) = 0. 

s— y+oo£— >+oo 

This completes the proof that / has arbitrarily small pleasant couples having 
property (*). 

To show that / is expanding away from critical points we just need to 
show that for each s > 1 and I > 1 the map / is uniformly expanding 
on K(P s j) n J m t s y As this set is compactly contained in C \ P(f), it is 
enough to show that the derivative ||/'|| of / with respect of the hyperbolic 
metric on this set is strictly larger than 1 on C\/~ 1 (P(/)). Since f~ 1 (P(f)) 
contains P(f) strictly, this is a consequence of Schwarz lemma. □ 

A. 3. Quadratic polynomials with real coefficients. In this section we 
show that each quadratic polynomial satisfies the conclusions of the Main 
Theorem. 

If / is at most finitely renormalizable without indifferent periodic points, 
then by Theorem [Cl the map / satisfies the hypotheses of the Main Theorem. 
If / is infinitely renormalizable, then it has a priori bounds by [ McM94| . 
so the diameters of the small Julia set converge to and then the assertion 
follows from Proposition IA.5I See also Remark IA.6I 
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It remains to consider the case when / has an indifferent periodic point. 
Fix to £ (t-,t+). Since / has real coefficients it follows that / has a para- 
bolic periodic point, and since / is quadratic it follows that / does not have 
critical points in the Julia set. Therefore the function In \ f'\ is bounded and 
Holder continuous on J(f), and since the measure theoretic entropy of / 
is upper semi-continuous |FLM83j Lju83| , there is an equilibrium state p 



of / for the potential — toln|/'|. Since / has a parabolic periodic point it 
follows that t+ is the first zero of P, so we have P(to) > and therefore 
the Lyapunov exponent of p is strictly positive. Since by |PRLS04| Theo- 
rem A and Theorem A. 7] there is a (to, P(to))-conformal measure of / (see 
also |Prz99j ). [Dob08, Theorem 8] implies that p is in fact the unique equi- 
librium state of / for the potential —to In \f'\. The analyticity of P at t = to 
is given by [MS00| when to < and when to > the fact that P is analytic 
at t = to can be shown in an analogous way as in [SU03| . using and induced 
map defined with puzzles pieces. 

Remark A. 6. We will now explain why we have introduced pleasant couples 
to deal with infinitely renormalizable quadratic-like maps as in Proposi- 
tion |A?5] and with quadratic polynomials with real coefficients in particular. 
Following |McM94| we call a renormalization of a quadratic-like map prim- 
itive if the corresponding small Julia sets are pairwise disjoint. If the first 
renormalization of a quadratic-like map / is primitive, then the usual puzzle 
construction produces a puzzle piece P containing the small critical Julia 
set, in such a way that the first return puzzle Po to P containing the critical 
point is compactly contained in P. These puzzle pieces form a nice cou- 
ple (P, Po) f° r /• Since the puzzle P can be made arbitrarily close to the 
small critical Julia set, a slightly more general argument shows that a map 
as in Proposition IA.5I having infinitely many primitive renormalizations ad- 
mits arbitrarily small nice couples. The Feigenbaum quadratic polynomial 
is an example of an infinitely renormalizable quadratic map having no prim- 
itive renormalization and it is possible to show that such it does not have 
arbitrarily small nice couples. However, the Feigenbaum polynomial does 
have arbitrarily small pleasant couples by Proposition IA.5I 



Appendix B. Rigidity, multifractal analysis, and level-1 large 

DEVIATIONS 

The purpose of this appendix is to prove that, apart from some well-known 
exceptional maps, the pressure function of each of the maps considered in 
this paper is strictly convex on (t_,t + ). We derive consequences for the 
dimension spectrum for Lyapunov exponents ( §B.lj) and for pointwise di- 
mensions of the maximal entropy measure ( §B.2j) . as well as some level-1 
large deviations results ( §B.3|) . See |Pes97[ lMak98j for background in mul- 
tifractal analysis, and |DZ98j for background in large deviation theory. 

In what follows by a power map we mean a rational map P(z) 6 C(z) 
such that for some integer d we have P{z) = z d . 
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Theorem D. Let f be a rational map satisfying the hypotheses of Theo- 
rem If f is not conjugated to a power, Chebyshev or Lattes map, then 
for every t G we have P"(t) > 0. In particular 

X * ni := mf{-P'(t) | t G (t-,t+)} < Xsup == sup{-P'(t) | t G (i_,t+)}. 

It is well known that for a power, Chebyshev or Lattes map, t + = +oo and 
the pressure function P is affine on (t_, +oo); in particular in this case we 
have x* n f — Xsup- For a general rational map / and for to £ (t— , 0), a result 
analogous to Theorem |D] was shown by Makarov and Smirnov in [MSOOt 
§3.8]. 

Proof. Suppose that for some to £ (t-,t+) we have P"(to) = 0. Let (V, V) 
be a pleasant couple as in so that the corresponding pressure function 
is finite on a neighborhood of (t,p) = (to, P(to)), and such that for each ( £ R 
close to to we have &{t,P(t)) = 0, see §3.41 for the definition of 3 s . Then 
the implicit function theorem implies that the function, 

Po (t) := 3>(t + T,P(t ) + rP'(t )) 

= P(F, -t In \F'\ - P(t )m - r(ln \F'\ + P'(t )m)), 

defined for t 6 K in a neighborhood of t = 0, satisfies Pg(0) = 0. 

Let p be the equilibrium measure of F for the potential — io In li 7 "! — 
P(to)m and put ip = —ln\F'\ — P'(to)m. Since for each t close to to we 
have =^ 2 '(t,P(t)) = 0, the implicit function theorem gives p' (0) = 0. Thus, 
by part 1 of Lemma 14.41 and [MU031 Proposition 2.6.13] we have 

J ipdp = J - In - P'(t )mdp = p (0) = 0, 

see also Remark 13.41 On the other hand, by part 1 of Lemma l4.4l and [MU031 
Proposition 2.6.14] 

2\ 



0=^(0) =E / 



ipo F k ■ tpdp - I / ipdp 



is the asymptotic variance of ip with respect to p, see also Remark 13.41 
By part 1 of Lemma 14.41 and [MU03, Lemma 4.8.8] it follows that there is 
a measurable function u : J(F) — > M such that t/> = u o F — u, see also 
Remark Put 

J:={zeC\ K(V) | f m{z) (z) G J(F)} 

and extend it to a function defined on J, that for each z G J \ J(F) it is 
given by, 

m(z)— 1 

u(z)=u(f m ^\z))- (-ln\f'(f j (z))\-P'(to)). 

3=0 

An argument similar to the construction of the conformal measure given in 
the proof of Proposition 14.31 shows that we have In \ f'\ = —P'(to) + uo f — u 
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on J; see also [PRL071 Proposition B.2]. By construction this last set has 
full measure with respect to the equilibrium state of / for the potential 
— tolri|/'|, cf. §4.31 Thus, an argument similar to the proof of [Zdu90l §§5- 
8] (see also [MS001 §3.8] or |May02j Theorem 3.1]) implies that / is a power, 
Chebyshev or Lattes map. □ 

B.l. Dimension spectrum for Lyapunov exponents. Let / be a ratio- 
nal map of degree at least two. For z G C we define 

X (z)= lim -]n\(r)'(z)l 

n— >+co n 

whenever the limit exists; it is called the Lyapunov exponent of f at z. The 
dimension spectrum for Lyapunov exponents is the function L : (0, +oo) — > 
R defined by, 

L{a) := RD({z G J{f) \ X (z) = a}). 

Following jMS96j we will say that / is exceptional if there is a finite 
subset E of C such that 

(B.l) r 1 (E)\Crit(/) = S, 

sec also [MS00, §1.3]. A rational map / is exceptional if and only if t_ > — oo. 
Furthermore, in this case there is a set Ej containing at most four points 
such that (jB.ip is satisfied with E = E/, and such that each finite set E 
satisfying (jB.ip is contained in Ej. Power, Chebyshev and Lattes maps are 
all exceptional. See [MS96] for other examples of exceptional rational maps. 

It has been recently shown in |GPR08j Theorem 2] that if / is not excep- 
tional, or if / is exceptional and Ej n J(f) = 0, then for each a G (0, +oo) 
we have 

L(a) = - inf{P(i) + at \ t G M}. 
a 

Equivalently, the functions a t— > —aL(a) and s \— > P(—s) form a Legendre 
pair. Note that a Chebyshev or a Lattes map / is exceptional and Sy 
intersects J(f). 

The following is a direct consequence of Theorem |Pl 

Corollary B.l. Let f be a rational map satisfying the hypotheses of Theo- 
rem O Suppose furthermore that f is not conjugated to a power map, and 
that either f is not exceptional, or that f is exceptional and Sj is disjoint 
from J(f). Then the dimension spectrum for Lyapunov exponents of f is 
real analytic on (x*nf,Xsup)- 

B.2. Dimension spectrum for pointwise dimension. Let po be the 

unique measure of maximal entropy of /. Then for z G </(/) we define 

a(z) := hm , 

r^o+ mr 

whenever the limit exists; it is called the pointwise dimension of po at z. 
The dimension spectrum for pointwise dimensions is defined as the function 

D{a) := RD({z G J{f) \ a(z) = a}). 
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When / is a polynomial with connected Julia set we have P'(0) = — In deg(/) , 
so by [MS001 §5] it follows that for a < 1 we have, 



Equivalently, the function /3 i— > —f3D{-p) on (3 > 1 and the function s i— > 

(lndeg(/))~ 1 P(— s) on s > form a Legendre pair. So the following is a 
direct consequence of Theorem |B] and Theorem iDl 

Corollary B.2. Let f be a polynomial with connected Julia set satisfying 
the hypotheses of Theorem If f is not a power or Chebyshev map, then 
the dimension spectrum for pointwise dimensions of the maximal entropy 
measure of f is real analytic on a < 1 . 

Remark B.3. In the uniformly hyperbolic case one has 



This also holds when the set of those z £ J(f) for which x( z ) exists and 
satisfies x( z ) — has Hausdorff dimension equal to 0, like for rational maps 
satisfying the TCE condition |PRL07t §1.4]. In fact, it is easy to see that 
for z £ </(/) belonging to the "conical Julia set" and for which both a(z) 
and xi z ) exists, and x( z ) > 0, we have a(z) = lndeg(/)/x(z). Then (|B.2|) 
follows from [GPR081 Proposition 3], that the set of those z £ J(f) that 
are not in the conical Julia set and x( z ) > nas Hausdorff dimension equal 



B.3. Large deviations. The purpose of this section is to present a sample 
application of Theorem [D] to level- 1 large deviations, using the characteriza- 
tions of the pressure function given in I'RI.SU il . See [CRL08| and references 
therein for some level-2 large deviation principles for rational maps. 

Corollary B.4. Let f be a rational map satisfying the hypotheses of The- 
orem\B[ and that is not conjugated to a power, Chebyshev, or Lattes map. 
Fix to £ (£_,£-(-) and let pt a be the equilibrium state of f for the poten- 
tial — ioln|/'|. Fix xo £ J(f) such that (|2.ip holds, and for each n > 1 
put 



Given e £ (0, -P'(t ) - xf n f); iet *( e ) G (*->*o) be determined by P'(t(e)) = 
P'(to) — e. Then we have, 




(B.2) 



D(a) = L(lndeg(/)/a). 



to 0. 





P(t(e)) - P(t ) - (t(e) - t )P'(t(e)) < 0. 
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Similarly, given e E (0, x* up + P'(io)) let t(e) G (to,t + ) be determined by 
P'(t(e)) = P'(t ) + e. Then we have, 



lim -lnu n \xG J(f) \ -ln\(f)\x)\ < [ In \f'\dp to - e\ 
->+oo n y n J J 

= P(t(e)) - P(to) - (t(e) - t )P'(t(e)) < 0. 



For a rational map satisfying the TCE condition, or the weaker "Hypoth- 
esis H" of [PRLS04] . a similar result can be obtained for periodic points. 
See |Com09| and references therein for analogous statements in the case of 
uniformly hyperbolic rational maps, and [KN92] for similar results in the 
case of Collet-Eckmann unimodal maps and to near 1. 

Proof. First observe that by the choice of xq, for each s £ M. we have 



if , i 

lim —In / exp(sln \{f n )'\)duj n = lim — In 

•— >+oo n J n^+oo n 



Zye f -^o)\(f n y(y)\- to 

= P(t -s)- P(t ). 

We will apply the theorem in page 343 of [PS75| to the space J := Hn=i J if) 
endowed with the probability measure P := ^^^l^n- Furthermore for 
each n > 1 we take the random variable W n : J — > M. as H / n (f3^ > Xj) := 
In \ {f n )' {x n )\. So for each s € M we have 

J exp(sW n )dP = J exp( S ln|(/ n )'|)da; n , 

and by the computation above, 

lim - In / exp(sW n )dP = P(t - s) - P(t ). 

rn>+oo 77, J 

Using that f ln\(f n )'\dp to = —P'(t ) and that the function s H> P(to — s) — 
P(to) is real analytic and strictly convex on (to — 1 + , to — t-) by Theorem ID] 
we obtain by the theorem in page 343 of |PS75j that 

= P(t(e))-P(to)-(t(e)-to)P'(t(e)). 

The second assertion is obtained analogously with W n replaced by the 
function rjJS Xj t-> - In \(f n )'{x n )\. □ 

References 

[AL08] Artur Avila and Mikhail Lyubich. Hausdorff dimension and conformal mea- 
sures of Feigenbaum Julia sets. J. Amer. Math. Soc, 21(2):305-363, 2008. 

[BK98] Henk Bruin and Gerhard Keller. Equilibrium states for S'-unimodal maps. 
Ergodic Theory Dynam. Systems, 18(4):765-789, 1998. 

[BMS03] I. Binder, N. Makarov, and S. Smirnov. Harmonic measure and polynomial 
Julia sets. Duke Math. J., 117(2):343-365, 2003. 



THERMODYNAMICS OF RATIONAL MAPS 



51 



[BS96] I. N. Baker and G. M. Stallard. Error estimates in a calculation of Ruelle. 
Complex Variables Theory Appi, 29 (2): 141-159, 1996. 

[BS05] D. Beliaev and S. Smirnov. Harmonic measure on fractal sets. In European 
Congress of Mathematics, pages 41-59. Eur. Math. Soc, Zurich, 2005. 

[BT08] Henk Bruin and Mike Todd. Equilibrium states for interval maps: potentials 
with sup^-inf</> < ftt op (/). Comm. Math. Phys., 283(3):579-611, 2008. 

[BT09] Henk Bruin and Mike Todd. Equilibrium states for interval maps: the poten- 
tial — i log Ann. Sci. Ecole Norm. Sup. (4), 42:559-600, 2009. 

[CL09] Hongjian Cai and Simin Li. Distortion of interval maps and applications. 
Nonlinearity, 22(10):2353-2363, 2009. 

[Com09] Henri Comman. Strengthened large deviations for rational maps and full shifts, 
with unified proof. Nonlinearity, 22(6):1413-1429, 2009. 

[CRL08] Henri Comman and Juan Rivera-Letelier. Large deviation principles for non- 
uniformly hyperbolic rational maps. arXiv:0812.4761vl, to appear in Ergodic 
Theory Dynam. Systems, 2008. 

[DMNU98] M. Denker, R. D. Mauldin, Z. Nitecki, and M. Urbahski. Conformal mea- 
sures for rational functions revisited. Fund. Math., 157(2-3): 161-173, 1998. 
Dedicated to the memory of Wieslaw Szlenk. 

[Dob08] Neil Dobbs. Measures with positive lyapunov exponent and conformal mea- 
sures in rational dynamics. arXiv:0804.3753v2, to appear in Trans. Amer. 
Math. Soc, 2008. 

[Dob09] Neil Dobbs. Renormalisation-induced phase transitions for unimodal maps. 
Comm. Math. Phys., 286(l):377-387, 2009. 

[DU91] M. Denker and M. Urbahski. Ergodic theory of equilibrium states for rational 
maps. Nonlinearity, 4(1):103-134, 1991. 

[DZ98] Amir Dembo and Ofer Zeitouni. Large deviations techniques and applications, 
volume 38 of Applications of Mathematics (New York). Springer- Verlag, New 
York, second edition, 1998. 

[Ere91] A. E. Eremenko. Lower estimate in Littlewood's conjecture on the mean spher- 
ical derivative of a polynomial and iteration theory. Proc. Amer. Math. Soc, 
112(3):713-715, 1991. 

[Fis06] Todd Fisher. Hyperbolic sets that are not locally maximal. Ergodic Theory 
Dynam. Systems, 26(5): 1491-1509, 2006. 

[FLM83] Alexandre Freire, Artur Lopes, and Ricardo Mane. An invariant measure for 
rational maps. Bol. Soc. Brasil. Mat, 14(l):45-62, 1983. 

[Gou04] Sebastien Gouezel. Vitesse de decorrelation et theoremes limites pour les ap- 
plications non uniformement dilatantes. PhD thesis, 2004. 

[Gou05] Sebastien Gouezel. Berry-Esseen theorem and local limit theorem for non uni- 
formly expanding maps. Ann. Inst. H. Poincare Probab. Statist., 41(6):997- 
1024, 2005. 

[GPR08] Katrin Gelfert, Feliks Przytycki, and Michal Rams. Lyapunov spectrum for 

rational maps. 2008. arXiv:0809.3363vl, to appear in Math. Ann. 
[GS09] Jacek Graczyk and Stanislav Smirnov. Non-uniform hyperbolicity in complex 

dynamics. Invent. Math., 175(2) :335-415, 2009. 
[GW07] Katrin Gelfert and Christian Wolf. Topological pressure for one-dimensional 

holomorphic dynamical systems. Bull. Pol. Acad. Sci. Math., 55(l):53-62, 

2007. 

[IT09] Godofrcdo Iommi and Mike Todd. Natural equilibrium states for multimodal 

maps. lafXiv:0907.2406 yl, 2009. 
[KL08] Jeremy Kahn and Mikhail Lyubich. A priori bounds for some infinitely 

renormalizable quadratics. II. Decorations. Ann. Sci. Ec. Norm. Super. (4), 

41(l):57-84, 2008. 



52 

[KN92] 

[KvS09] 

[Led84] 
[Lju83] 
[LS09] 

[Mak98] 
[May02] 
[McM94] 

[McMOO] 

[MN05] 

[MN08] 

[MS96] 

[MSOO] 

[MS03] 

[MU03] 

[Pes97] 

[PR98] 

[PRL07] 

[PRLS03] 

[PRLS04] 

[Prz90] 



F. PRZYTYCKI AND J. RIVERA-LETELIER 



Gerhard Keller and Tomasz Nowicki. Spectral theory, zeta functions and the 
distribution of periodic points for Collet-Eckmann maps. Comm. Math. Phys., 
149(l):31-69, 1992. 

Oleg Kozlovski and Sebastian van Strien. Local connectivity and quasi- 
conformal rigidity of non-renormalizable polynomials. Proc. Lond. Math. Soc. 
(3), 99(2):275-296, 2009. 

Francois Ledrappier. Quelques proprietes ergodiques des applications ra- 

tionnelles. C. R. Acad. Sci. Paris Ser. I Math., 299(l):37-40, 1984. 

M. Ju. Ljubich. Entropy properties of rational endomorphisms of the Riemann 

sphere. Ergodic Theory Dynam. Systems, 3(3):351-385, 1983. 

Huaibin Li and Weixiao Shen. On non-uniformly hyperbolicity assumptions 

in one-dimensional dynamics. 2009. arXiv:0911.0464 vl, to appear in Science 

in China: Mathematics. 

N. G. Makarov. Fine structure of harmonic measure. Algebra i Analiz, 10(2):1- 
62, 1998. 

Volker Mayer. Comparing measures and invariant line fields. Ergodic Theory 
Dynam. Systems, 22(2):555-570, 2002. 

Curtis T. McMullen. Complex dynamics and renormalization, volume 135 of 
Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 
1994. 

Curtis T. McMullen. Hausdorff dimension and conformal dynamics. II. geo- 
metrically finite rational maps. Comment. Math. Helv., 75(4):535-593, 2000. 
Ian Melbourne and Matthew Nicol. Almost sure invariance principle for 
nonuniformly hyperbolic systems. Comm. Math. Phys., 260(1):131-146, 2005. 
Ian Melbourne and Matthew Nicol. Large deviations for nonuniformly hyper- 
bolic systems. Trans. Amer. Math. Soc, 360(12) :6661-6676, 2008. 
N. Makarov and S. Smirnov. Phase transition in subhyperbolic Julia sets. 
Ergodic Theory Dynam. Systems, 16(1):125-157, 1996. 

N. Makarov and S. Smirnov. On "thermodynamics" of rational maps. I. Neg- 
ative spectrum. Comm. Math. Phys., 211(3):705-743, 2000. 
N. Makarov and S. Smirnov. On thermodynamics of rational maps. II. Non- 
recurrent maps. J. London Math. Soc. (2), 67(2):417-432, 2003. 
R. Daniel Mauldin and Mariusz Urbahski. Graph directed Markov systems, 
volume 148 of Cambridge Tracts in Mathematics. Cambridge University Press, 
Cambridge, 2003. Geometry and dynamics of limit sets. 

Yakov B. Pesin. Dimension theory in dynamical systems. Chicago Lectures in 
Mathematics. University of Chicago Press, Chicago, IL, 1997. Contemporary 
views and applications. 

Feliks Przytycki and Steffen Rohde. Porosity of Collet-Eckmann Julia sets. 
Fund. Math., 155(2):189-199, 1998. 

Feliks Przytycki and Juan Rivera-Letelier. Statistical properties of topological 
Collet-Eckmann maps. Ann. Set. Ecole Norm. Sup. (4), 40(1): 135-178, 2007. 
Feliks Przytycki, Juan Rivera-Letelier, and Stanislav Smirnov. Equivalence 
and topological invariance of conditions for non-uniform hyperbolicity in the 
iteration of rational maps. Invent. Math., 151(l):29-63, 2003. 
Feliks Przytycki, Juan Rivera-Letelier, and Stanislav Smirnov. Equality of 
pressures for rational functions. Ergodic Theory Dynam. Systems, 24(3) :891- 
914, 2004. 

Feliks Przytycki. On the Perron-Frobenius-Ruelle operator for rational maps 
on the Riemann sphere and for Holder continuous functions. Bol. Soc. Brasil. 
Mat. (N.S.), 20(2):95-125, 1990. 



THERMODYNAMICS OF RATIONAL MAPS 



53 



[Prz98] Feliks Przytycki. Iterations of holomorphic Collet-Eckmann maps: conformal 
and invariant measures. Appendix: on non-renormalizable quadratic polyno- 
mials. Trans. Amer. Math. Soc, 350(2):717-742, 1998. 

[Prz99] Feliks Przytycki. Conical limit set and Poincare exponent for iterations of 
rational functions. Trans. Amer. Math. Soc, 351(5):2081-2099, 1999. 

[PS75] D. Plachky and J. Steinebach. A theorem about probabilities of large devia- 
tions with an application to queuing theory. Period. Math. Hungar., 6(4):343- 
345, 1975. 

[PS08] Yakov Pesin and Samuel Senti. Equilibrium measures for maps with inducing 
schemes. J. Mod. Dyn., 2(3):397-430, 2008. 

[PU02] F. Przytycki and M. Urbahski. Conformal Fractals: Ergodic Theory Methods. 

London Mathematical Society, Lecture Notes Series, Vol. 371. Cambridge Uni- 
versity Press, 2010. 

[QY09] WeiYuan Qiu and YongCheng Yin. Proof of the Branner-Hubbard conjecture 
on Cantor Julia sets. Set. China Ser. A, 52(l):45-65, 2009. 

[RL07] Juan Rivera-Letelier. A connecting lemma for rational maps satisfying a no- 
growth condition. Ergodic Theory Dynara. Systems, 27(2):595-636, 2007. 

[RLS10] Juan Rivera-Letelier and Weixiao Shen. Statistical properties of 
one-dimensional maps under weak hyperbolicity assumptions. 2010. 
farXiv:1004.0230v l. 

[Rue92] David Ruelle. Spectral properties of a class of operators associated with con- 
formal maps in two dimensions. Comm. Math. Phys., 144(3) :537-556, 1992. 

[Rue04] David Ruelle. Thermodynamic formalism. Cambridge Mathematical Library. 

Cambridge University Press, Cambridge, second edition, 2004. The mathe- 
matical structures of equilibrium statistical mechanics. 

[SU03] Bernd O. Stratmann and Mariusz Urbanski. Real analyticity of topological 
pressure for parabolically semihyperbolic generalized polynomial-like maps. 
Indag. Math. (N.S.), 14(1):119-134, 2003. 

[TK05] Marta Tyran-Kamihska. An invariance principle for maps with polynomial 
decay of correlations. Comm. Math. Phys., 260(1):1-15, 2005. 

[Urb03] Mariusz Urbanski. Thermodynamic formalism, topological pressure, and es- 
cape rates for critically non-recurrent conformal dynamics. Fund. Math., 
176(2):97-125, 2003. 

[You99] Lai-Sang Young. Recurrence times and rates of mixing. Israel J. Math., 
110:153-188, 1999. 

[Zdu90] Anna Zdunik. Parabolic orbifolds and the dimension of the maximal measure 
for rational maps. Invent. Math., 99(3):627-649, 1990. 

[Zin96] Michel Zinsmeister. Formalisme thermodynamique et systemes dynamiques 
holomorphes, volume 4 of Panoramas et Syntheses [Panoramas and Synthe- 
ses]. Societe Mathematique de France, Paris, 1996. 

[Zwe05] Roland Zweiimiller. Invariant measures for general(ized) induced transforma- 
tions. Proc. Amer. Math. Soc, 133(8):2283-2295 (electronic), 2005. 

f Feliks Przytycki, Institute of Mathematics, Polish Academy of Sciences, 
ul. Sniadeckich 8, 00956 Warszawa, Poland. 
E-mail address: feliksp@impan.gov.pl 

% Juan Rivera-Letelier, Facultad de Matematicas, Campus San Joaquin, 
P. Universidad Catolica de Chile, Avenida Vicuna Mackenna 4860, Santiago, 
Chile 

E-mail address: riveraletelier@mat.puc.cl 



